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Abstract We study consensus control for a multi-agent system with a faulty
node. The node dynamics follow a continuous-time consensus protocol with
negative feedback from the relative state of the neighbors, where the faulty
node is instead using positive feedback from the state. Conditions for reaching
consensus are established, and a fault threshold is introduced. Numerical
examples investigate how the fault threshold determines the system behavior.

Problem Definition

x0

xi

I Multi-agent system
(
V , E(t)

)
, V = {0, . . . , n}

I Each agent i ∈ V has a state xi(t) ∈ R
I One faulty agent, i = 0,

ẋ0(t) = −
∑

j∈N0(t)

(
xj(t)− x0(t)

)
I n follower agents, i ∈ {1, . . . , n}, trying to reach consensus

ẋi(t) =
∑

j∈Ni(t),j>0
aij(t)

(
xj(t)− xi(t)

)
+ bi(t)

(
x0(t)− xi(t)

)
Definition

I The system is escapable if
lim
t→∞

max
i=1,...,n

∣∣∣xi(t)− x0(t)
∣∣∣ =∞

I The system is trackable if
lim
t→∞

max
i=1,...,n

∣∣∣xi(t)− x0(t)
∣∣∣ = 0

Fixed graph

Define the state difference ξi(t) = xi(t)− x0(t), then
ξ̇ = −Gξ, G = LF +B − E.

where LF = DF − AF is the Laplacian matrix of the follower
graph and B = diag(b1, . . . , bn), E = diag(e1, . . . , en), ei = 1 if
i ∈ N0, 0 otherwise, are the connections to and from the faulty
agent.
Assumptions
The edges E and the weights aij, bi are time-invariant, and the
graph is connected.
Results

I The system is escapable ⇔ ∃λ(−G) ∈ C+
I The system is trackable ⇔ ∀λ(−G) ∈ C−
I The system is trackable ⇒ b∗ ≥ |N0|
I The system is trackable ⇐ λ1(−(LF +B)) < −

√
|N0|

Time-varying graphs

Assumptions
I Exist bound τD > 0 between topology switching times.
I Bounded weights, a∗ ≤ aij(t) ≤ a∗

I Exist T > 0 such that the joint graph over T steps is
connected.

Results
I The system is trackable ⇒ b∗ ≥ 1.
I The system is trackable ⇐

0 <
(
en(n+1)T0 − w∗

(
%0e
−(n2−1)a∗T0

)n)
< 1

where T0=T+τD, %0=
(1−e−((n−2)a∗+a∗)τD)a∗

(n−2)a∗+a∗ and

w∗=
b∗+(eτD−1)(enT0−1)(e−b∗T0−1)

(n−1)a∗+b∗ ·e−(n−1)a∗(n+1)T0

Examples
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Escapable system, b∗ = 3, λ1(−G) = 0.074
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Marginally stable system, b∗ = 4, λ1(−G) = 0
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Trackable system, b∗ = 5, λ1(−G) = −0.044
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