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Abstract: Let M and V denote the sets of finite-dimensional matrices and finite-dimensional column vectors,
respectively. Based on the semitensor product and the vector addition, M and V both form a monoid, where V
is commutative. In addition, based on an equivalence relation <+ on V, the induced quotient space V/., forms a
vector space. In this paper, we give a basis for the vector space V/«, showing that V/. is of countably infinite
dimension. In addition, we give an explicit characterization for how the dimension of a vector in ¥V changes caused
by the repetitive actions of a matrix in M on the vector, and characterize the generalized inverse behavior of the

repetitive actions.
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Introduction and preliminaries

The phenomenon of dimension variation can be found
almost everywhere in the nature, e.g., the entrance or
departure of a bird in a group of birds, the birth or
death of a cell in an organ. This phenomenon can al-
so be found in manufacturing processes, e.g., entering
of parts or leaving of an entire product in a produc-
tion line. Due to the semitensor product for all finite-
dimensional matrices [5] and the vector addition for all
finite-dimensional vectors [3], such a phenomenon can
be formulated as so-called cross-dimensional dynami-
cal systems. In this paper, motivated by the new con-
struction in [3], we characterize the basis for a so-called
cross-dimensional vector space and the long-term be-
havior of a cross-dimensional dynamical system in the
framework of the semitensor product and the vector ad-
dition. Necessary notations are shown as below. Note
that throughout this paper, all results hold when ex-
tending R to an arbitrary field.

e R™: the n-dimensional real column vector space

o V: Uzolen

o R™*™: the space of m x n real matrices

o« M: Uy, R

o N: the set of natural numbers

o Z: the set of positive integers

e (: the empty set

e 1;: the k-length column vector with all entries 1

e 04: the k-length column vector with all entries 0

e O,xn: the m X n matrix with all entries be 0 (or
briefly as 0 when dimension is known.)

o I,: the n X n identity matrix

o rank(A): the rank of matrix A

e ker(A): the kernel of matrix A
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e im(A): the image of matrix A

o dim(V): the dimension of a vector space V'

o AP: the Drazin inverse of a square matrix A

o lem(p, q): the least common multiple of positive
integers p and q

e ged(p, q): the greatest common divisor of positive

integers p and q

p | ¢: integer p divides integer ¢

e ptq: integer p does not divide integer ¢

In order to obtain the main results, we will use the
well known associative law and the homogeneity of the
least common multiple:

Proposition 1.1 Let a, b, c be positive integers. Then

1) lem(a,lem(b, c))
law);
2) alem(b, c) = lem(ab, ac) (homogeneity).

lem(lem(a, b), ¢) (associative

Let us recall the semitensor product of matrices,
which was originally proposed by Daizhan Cheng about
twenty years ago [2].

Definition 1.2 [[5]] Let A € R™*™ and B € RP*1,
The semitensor product of A and B, denoted by A x B,
is defined as A x B = (A® I;),)(B ® I/,), where ®

means the Kronecker product, | = lcm(n,p).

It is known that x preserves the associative law, and
is an extension of the conventional matrix product [5].
Hence we can use some notations of the conventional
matrix product without any confusion, e.g., for a matrix
A e M, we can use A" to denote X} A.

The index [1] of a matrix A € R™*™ is the least nat-
ural number i such that rank(A?) = rank(A'™!), i.e.,
min{i € N|rank(A?) = rank(A**!)} =: ind(A).

For a matrix A € R" ™ the matrix X € R"*" is
called the Drazin inverse [1] of A, denoted by X =: AP,
if Aimd(A)+1x — And(A)  AX = XA, and XAX = X.
For each matrix A € R" "™ A has a unique Drazin



inverse, and satisfies that im(A4%) 2 im(A') 2 --- D
im(A4A)) = im(A?) for all integers i > ind(A) [1].
The vector addition of vectors in RP can be extended

to the following “vector addition” of vectors in V.

Definition 1.3 ([3]) Let x € RP, y € RY, and r =
lem(p, q). The vector addition of x and y, denoted by
THy, is defined as

(1)

Similarly, the vector subtraction of x and y, denoted by
vy, is defined as

xﬁ-yzx@lr/p+y®1r/q.

ey =@ 1, —y® 1, (2)

It is not difficult to see that H- preservers the commu-
tative law and the associative law.

Proposition 1.4 Let z € RP, y € R?, and z € R".
Then

1) aHy = yHa (the communicative law);

2) (zHy)Hz = xH{(yH=) (the associative law).

Proof The communicative law holds naturally, we
only verify the associative law. Let lem(p,q) = u,
lem(u,r) = v, lem(q, ) = w, and lem(p, w) = s. Then

(affy)rz
=(z @ Lujp +y ® Lyyg)Hz
=@ @ Ly ® Ly + Y@ 1yyg ®1y) +2® 1y,
=r®1,p,+y®@1ly,,+281,,,

TH(yH=)
=2H{(Y ® Lyy/q + 2 @ Loy )1
=t ®@1s)p + (YO Ly ®@ Ly + 20 1yyr ® 15/)
=r®1,,tyR@1ly,+2Q1,,.

By Proposition 1.1 we have v lem(u, )
lem(lem(p, ¢),7) = lem(p,lem(q, 7)) = lem(p,w) = s.
Hence the associative law holds. O

It it is natural to ask whether (V, f, -) forms a vector
space, where - : R x V — V is the conventional scalar
multiplication of a real number and a real vector. To
this end, we should first find a zero element. Note that
in V, only the real number 0 satisfies that Oz = 2H0 =
x for any x € V. Hence only 0 can be the potential zero
element. However, it is easy to see that (V, }-T—) is not an
Abelian group when 0 is regarded as the zero element,
since only real numbers have inverse elements. As a
result, (V, H, -) is not a vector space. Despite of this,
(V, ) forms a commutative monoid with 0 the identity
element.

2 Long-term behavior of the action of M on

1%

In this section, we characterize the long-term behav-
ior of the repetitive actions of a matrix M in M on a
vector z in V. One main result is that in such a trajec-
tory, the dimensions of vectors will be either eventual-
ly constant or eventually strictly increasing, where for
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the former case, the matrix is called dimension-bounded
[3]. Actually, compared to these results, coarser results
have been given in [3, 4]. In this paper, we will use d-
ifferent methods to give more refined characterization.
In addition, for a dimension-bounded matrix in M, we
characterize the limit set of the system generated by its
repetitive actions on a vector in V, and also the gener-
alized inverse system of the system.

Next we show our results, where necessary known re-
sults are also introduced. A vector product of a matrix
A in M and a vector x in V is defined as follows.

Definition 2.1 [[3]] Let A € R™*™ and x € R*. The
vector product of A and x, denoted by AXx, is defined
as

ARz = (A® L) (x @ 1y1), (3)

where | = lem(n, t).

Note that based on the vector product X, a matrix A
can be regarded as an operator on V.

Next we characterize the composition of two matrices
as operators on V. By the following Proposition 2.2,
one sees that the composition of two operators A and
B on V is exactly their semitensor product. That is, the
semitensor product of matrices and the action of M on
V are consistent.

Proposition 2.2 [[5]] Let A,B € M and x € V. Then
AX(Bxz) = (A x B)Xz. (4)

Here we use the associative law and homogeneity of
the least common multiple to give a more concise proof
than the one in [3].

Proof [of Propostion 2.2] Assume A € R™*" B €
RP*4 and x € R, Then we have

(Ax B)Xx

(((A ® Ir/n)(B ® Ir/p)) ® Isp/qr)(m ® 1s/t)7
(

(

(5)

A & Ir/n & Isp/q'r’)(B & Ir/p X Isp/qr)(x & ]-s/t)
A® Isp/qn)(B Y Is/q)(x Y 1s/t)a

AX(BXx)
=AX((B® Lyyq)(x @ Lyy)),
~(A L) (B © L) @ © Lujo) @ Log/pu)
=(A® Lyn)(B® Lujq @ Log/pu) (@ © Lujt @ Lug/pu)
=(A® L) (B@1,,)(x® Lyg/pt),

(6)
where r = lem(n,p), s = lem(gr/p,t), v = lem(g,t),
v = lem(n, pu/q).

By Proposition 1.1, we have
sp =lem(gr/p, t)p = lem(qr, tp)
=lem(qlem(n, p), tp) = lem(lem(ng, pg), tp),
vg =lem(n, pu/g)q = lem(ng, pu)
=lem(ng, plem(q, t)) = lem(ng, lem(pg, tp))
=lem(lem(ng, pq), tp) = sp.



Then we have sp/gqn = v/n, s/qg = v/p, and s/t =
vg/tp. By (5) and (6), (4) holds. O

By Proposition 2.2, we obtain a dynamical system
(T +1) = Axz(7), (7)

where A € R™*" 7 =0,1,..., z(r) € V. Note that
here we cannot call (7) a linear dynamical system, as V
is not a vector space.

Now we can consider the long-term action of a matrix
on V, e.g., system (7). Note that the action of a matrix
on a vector may change the dimension of the vector,
next we characterize when the action of a matrix does
not change the dimension. Here we use dimension to
represent the following result. Actually this result has
been given in [3], we give a different proof.

Theorem 2.3 [[7]] Let A be in R™*™ and t in Z.
Then

AXR! := {AXz|r € R'} C R!
if and only if
m|n, m|t, and ged(n/m,t/m) = 1.
Proof Denote lem(n,t) = 7. Then for each z € RY,
Az € R™/7,
“if?7:
By assumption we can denote n = mk; and { =

mks, where ki,k2 € Zi. Then ged(n/m,t/m)
ged(ky, k) = 1, v = lem(n,t) = lem(mky, mks) =

mlem(ky, ko) = mkiks, mr/n = mmkiky/n =
mmklkg/mkl = mk2 =1t.

“only if”:

By assumption we have mr/n = t. Denote r =
nly = tly, where l1,lo € Z;. Then nt = mr =
mnly = mtly, t = mly, n = mls, m | t, m | n,
r = lem(t,n) = lem(mly,mly) = mlem(ly,ly) =

nly = misly, lem(ly,la) = lila, hence ged(ly,ls)
ged(t/m,n/m) =1. 0

The following result directly follows from Theorem
2.3.

Corollary 2.4 [[3]] Let A be in R™*™ and t in Zy. If
AXR! C R then A has the representation Ay = (A ®
L) (I ® 1,,,), where r = lem(n,t). That is, AXz =
Arx for each v € Rt. (Note that Ap € R¥*t.)

More generally, we next characterize when the action
of a matrix eventually does not change the dimension
of vectors.

Definition 2.5 [[3]] Let A € R™*™ and t € Z,. A
is called dimension-bounded with respect to t if there
exist ig,t" € Z both depending on t such that for each
zo €ERY, Az € RY for all integers i > ig.

Although the next result has been given in [3], here
we give a different proof which yields a more refined
result, i.e., Theorem 2.7, as our first main result.

Theorem 2.6 [[3]] Let A € R™*" and t € Z4. Matriz
A is dimension-bounded with respect to t if and only if
m|n.
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Proof Arbitrarily chosen 2y € R, we have
AD?:L‘O eR™ lcm(n,t)/n7
where mlem(n, t)/n =: fi;
APRzy = AR (ARzo) € RMIem(m/n
where

mlem(n, f1)/n
=mlecm(n, mlcm(n,t)/n)/n
=lem(mn?, m?lem(n, t))/n?
=lem(mn?, lem(m?n, m?t)) /n? =: f;

by induction we can obtain that A’KXzy € RS for each
1 € Zy, where

fi = lem(lem),_, m*n'T1=F mit) /nt.

(8)

“if?? .

By m | n we next prove that

—+1 7'+1’m7'+1t)

lem(mn" ™, m"nt) = lem(mn (9)

for all sufficiently large integers r.
Denote n = mk, where k € Z,. We have
lem(mn" ™, m"nt) = m™ 1 lem(mk™ 1, kt),
lem(mn™ ™ m" ) = m™ lem(mk" T t).

If £ =1 or all prime factors of ¢ are also factors of k,
then (9) obviously holds for all sufficiently large r. Next
we assume that k& > 1 and ¢ has a prime factor that is
not a factor of k. Based on this assumption, we have

ke =kt ko,
t =kt -k:g”t‘lsl . -tg“,

r+1 _ go1(r+1)+e ap(r+1)+e v Vs
mk™H =k ---k:pp( ) Pl

where k1,..., kp,t1,...,tq,m1,...,mg are pairwise dif-
ferent prime numbers; a1,...,0p € Z4; M1,...,% €
N; 01,...,0q € Z4; €1,..6p € Ny 1,0y € N
Viy...,Vs € N,

When 7 is sufficiently large, we have

lem(mk™ 1, kt)
a1 (r+1)+e€ o, (r €, max{d1,
= (Y gD e IV

Vs

max{dq,tq}, V1 . . .
tq olfaimy myg

=lem(mk" ).

Hence (9) holds for all sufficiently large 7.
By m | n we have
fi = lem(mn®, m't) /n’ (10)

for each ¢ € Z. Then by the above analysis, for suffi-
ciently large r, we have

fr =lem(mn”, m"t)/n" = lem(mn" T, m"nt) /n" !

=lem(mn" T, m™ ) /0" = £,



which completes the “if” part.

Actually, from the above analysis, we also have if
m | n, then for each s € Z,, the corresponding f;
satisfies f,. = f,41 for all sufficiently large integers 7.
We also have that for all sufficiently large r € Z,,
frpr/m = trlnax{ul-ﬁl}fm .__t;nax{uq75q}—uq7 hence m |
fr41 and ged(n/m, frir1/m) = 1, which is consistent
with Theorem 2.3.

“only if”:

By assumption we have f, =
large integer r. Denote

fr+1 for all sufficiently

A, == lem(lemf_, m*n 18 mTt),

then f,y1 = mlem(n™", A,)/n" 1. By f. = fri1, we
have nA, = mlem(n"™1, A,), hence m | n, which com-
pletes the proof.

0

From the above analysis, we see for each t € Z.,
fr = fry1 for some r implies m | n. In addition, we can
prove one more result as below, i.e., for each t € Z,,
fr = frq1 for some r implies f, = f; for all s > r.
To this end, we only need to prove f, = f,4+1 implies
fr41 = fryo for any 7.

Next we fix t and r. By f,. = frr1 we have m | n.
Then f; = lem(mn', m't)/n! for any | € Z,. Using
mk = n, we have f; = lem(mk',t)/k' for any I. Then
fr = fry1 implies lem(mk™ 1 kt) = lem(mk"t1,¢).
We then have lem(mk™ "2 lem(mk™ 1 kt))
lem(mk™2 lem(mk™ 1 1)), ie., lem(mk™ 2 kt)
lem(mk™2,t), then f..; = lem(mk™2 kt)/k"™+? =
lem(mk™2,)/k™2 = f..0.

Besides, by m | n we have f;
l€Z,, then

lem(fi, fiv1)
=lem(lem(mk', t) /k! lem(mE! T 1) /KL
=lem(lem(mk ™ kt) /KT lem(mk! T 1) /K
(
(
(

= lem(mk!,t)/k! for any

=lem(lem(mk"™L, kt), lem(mk! 1 1)) /KL
=lcm mle Jkt) /K

L)k

=lem(mk

=fi.

Hence fi41 | f for each | € Z..
Based the above analysis and Theorem 2.6, we obtain
our first main result.

Theorem 2.7 Let A € R™*" andt € Z4. Let f; be as
in (8).

1) If matriz A is dimension-bounded with respect to
some u € Zy, then it is dimension-bounded with
respect to any v € Z .

2) If m | n then function f; is strictly decreasing on
{1,... 40} for some iy € Zy depending on t, con-
stant on {ig,i0 + 1,...}, and satisfies fi+1 | fi for
anyl € Z.

By Theorem 2.7, Definition 2.5 can be equivalently
rewritten as follows.
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Definition 2.8 Let A € R™*". A is called dimension-
bounded if for each t € Z., there exist ig,t' € Z, both
depending on t such that for each o € Rt, A'Kxy € RY
for all integers i > ig. Here the minimal such ig is
called the index of m,n,t, and denoted by ind(m,n,t).

Then similar to Theorem 2.6, we have the following
result.

Theorem 2.9 [[5]] Let A € R™*™.
dimension-bounded if and only if m | n.

Matriz A is

Remark 2.1 One sees that whether a matriz is
dimension-bounded only depends on its dimension, but
does not depend its entries.

Next we characterize the matrices that are not
dimension-bounded.

Corollary 2.10 Let A € R™*™ be such that m { n.

1) For each t € Z, the corresponding function f; as
in (8) satisfies that f. # fri1 for allr € Z,.

2) If n | m and m # n then for each t € Z., the
corresponding f; is strictly increasing and satisfies
mfy =nfiy1 foranyl € Z,.

Proof 1) This conclusion directly follows from The-
orems 2.7 and 2.9.

2) By n | m we have f; = k'lem(n,t), where k =
m/n. The conclusion follows. O

Furthermore, we give a complete characterization for
the matrices that are not dimension-bounded, i.e., The-
orem 2.11, as our second main result. Specifically, the
next result shows that for each matrix A € M that
is not dimension-bounded and each positive integer t,
the corresponding function f; as in (8) is injective and
eventually strictly increasing. In [4], it was shown that
lim;_,~ f; = co. Hence our result is more refined.

Theorem 2.11 Let A € R™*" and t € Zy. Let f; be
as in (8). Assume that M is not dimension-bounded,
ie., m{n.

1) Function f; is injective.

2) Function f; is strictly increasing on {ip,i0+1,...}
for some iy € Zy, depending on m,n,t; and
fra1/fr = m/ged(m,n) for all integers r > ig.
(Here we also call the minimal such ig the index of
m,n,t.)

Proof If n | m then 2) of Corollary 2.10 implies 1)
and 2) of this theorem. Next we assume that n { m. We
have

=g ... g% oo.omb
m =s; SpPmy my?,
Lo «@ Y1 Y
n =s; "'Sppnl ceem
_ 01 Op py) €1 €q ., M1 fu $V1 v
t =5 "'Sppml ...mqqnl "'nuutl ...tvv7
where s1,...,8,,m1,...,Mg,N1,...,Ny,t1,...,t, are
pairwise different prime numbers; «a1,...,0, € N;
ﬂl;”'aﬁq € ZJr; Yy Vu € ZJr; 517"'7517 € Na
€1,..56 € Ny py,oo e € Ny, €N
(03
s7t o sp” =lem(m, n).



By a direct computation, we have

max{aq,0 i
=5, {61} - S;nax{ap,ép}mllﬁl-i-ﬂ ..

fi

. iBateq
mq

max{iy1,p1}—iv1 max{iyuy fu } —Vu
nl DY nu

vy v
g

Then for all positive integers j,k, f; = fj4+x implies
that jf +e1 = (J+ k)b +e1, ..., jBg +eg = (J+
k)B4 + €4, hence f1 = --- = B, =0, i.e.,, m | n, which is
a contradiction. That is, 1) holds.

On the other hand, for each sufficiently large r» € Z,
we have

Fra1/fr =mir - .mgq
max{(r+1)y1,pu1}—max{ryi,u1} -7
nl PR
X { (7 1)Ya s s } —max{rya o } = vu
u
zmlﬂ1 . -mqﬁq =m/ged(m,n),
i.e., 2) holds, which completes the proof. O

Remark 2.2 It is easy to obtain that form =2, n = 3,
t =9, the corresponding f; satisfies that fi = 6, f; = 2°,
where 1 < i € Zy. That is, when mtn, f; is not alway
strictly increasing.

We next characterize the long-term behavior of sys-
tem (7) as our third main result.

Definition 2.12 A system (7) is called dimension-
bounded if m | n. Consider a dimension-bounded sys-
tem (7) and a positive integer t, denote the index of
m,n,t by io = ind(m,n,t) and the representation of A
by Ag = (A® L)y, @ 1,y,) € RFio % fio | where
fio is as in (10), r = lem(n, fi,). The limit set of a
dimension-bounded system (7) with respect to t is de-
fined as Q4 = N2, A® XRt. The generalized inverse
system of a dimension-bounded system with respect to t
is defined as the system

(4 1) = (Ag)PKa(r), (11)

where 7 =0,1,..., x(1) € V.

For a matrix A € R™*"™ satisfying m | n, ie., 4 is
dimension-bounded, and a positive integer ¢, denote the
index of m,n,t by ig, we have Al g Rmx(n'0/m™")
Hence

AVKR! = (Aio ® Ifio/m)(lt ® 1(ni0fio)/(mi0t))Rt,
=: AgoRt, (12)
which is a subspace of Rfo, where f;, is as in (10),

Ag, € Rfio*t. Hence Q4 = NX,(Az) Az, R, where
Ay € Rfio*fio is as in Definition 2.12. Based on
these analysis, the long-term behavior of the dimension-
bounded matrix A on R’ is as shown in (13).

By Theorem 2.11, for a matrix A € R™*™ satisfying
m 1 n, i.e, A is not dimension-bounded, and a pos-
itive integer ¢, denote the index of m,n,t by ig, we
have that function f; as in (8) is injective and satis-
fies fi, < fi,+1 < ---. The long-term behavior of the
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non-dimension-bounded matrix A on R? is as shown in
(14).

Since for each i € N, (Ag) AR is a sub-
space of Rfio, Ni_ (Az)¥(Ag,RY) A; is also
a subspace of Rfo, and A1 C A;, we have
Qg = N A = A = Ay for some | € Z,
and all I’ € Z;. On the other hand, we have
Qi = NZo(A)AzR — N2(Ar) im(Az,) C
2o (AL) Rfio = im((Az)m4A2)). That is, the follow-
ing theorem holds.

Theorem 2.13 For a dimension-bounded system (7)
with respect to t € Z,, its limit set Q4 is a sub-
space of Rfio, satisfies Qa C im((Ag)m4A2)) where
io = ind(m,n,t), fi, is as in (10), Az is as in Defini-
tion 2.12.

Remark 2.3 For a dimension-bounded system (7) with
m = n with respect to m (i.e., a standard discrete-time
linear dynamical system), it is obvious that its limit set
Qa equals im(A™YA)) . Particularly if A is invertible,
then the generalized inverse system is

z(r+1) = A w(r), (15)

where T =0,1,....

Next we give an algorithm to compute its generalized
inverse system. The following proposition which can be
seen as an extension of [7, Theorem 4.1] over the real
field R, is the basis for the designed algorithm. Note
that the proof for Proposition 2.14 does not hold for a
right Ore domain studied in [7].

Proposition 2.14 Consider a matric A € R" ™,
Then

AD — Aind(A)‘Ximd(A)-l-l7 (16)
where X € R™ " satisfies that APIA+T1Y = Aind(4)
(Note that such X always exists).

Proof By induction on the dimension, it can be proved
that for a matrix A € R™*"™ there exist invertible ma-
trices P € R™*" and C' € R™™" and nilpotent matrix
N e R(=7)x(=7) guch that

A=P[CeN]|P " (17)

Then we have Nnd(4) 0. If we choose X =
P[£ Y] P~ € R™" satisfying ALY = Aind(4d)
where X € R"™ ", then X C™', Y = 0, and
Aind(A)Xind(A)+1 —p [C—l o) O} P-l1— AP [

Algorithm 2.15 1) Input a matriz A € R™*™, find
ind(A) (e.g., by definition).
2) Find a solution to linear equation AMUAFTIX =
AmAA) (e g.. by using the Gaussian elimination,).
3) Compute the Drazin inverse of A: AP
Aind(A)Xind(A)+1.

3 Action of M/. on V/,,

Previously we showed that (V, H, -) does not form a
vector space. However, the quotient space of V under
an equivalence relation < forms a vector space [3].



R A2 AL R D AsAL RN D (Af)%ALR D
N n N (13)
Rfio RYio Rfio
RE & ARRY 5 2 APRRY A AtIgRe 4
N N N (14)
RS Rio Rfio+1
Definition 3.1 [/3]] For all z,y € V, [em~i] € By; else, we do the same decomposition for
) _ em~" as for e]’. Repeat this step again and again, we
r <y ifand only ifr @1, =y Q1 (18) obtain that [e]’'] is a linear combination of finitely many

for some s,t € Z .

Proposition 3.2 ([3]) 1) Forallz,y €V, ifx <> y
thenx =215 and y = 2®1; for some z € V and
S,t S Z+,

2) For all x € V, in the equivalence class [x] := {y €
V|y < x}, there exists a unique vector xy € V
(called the irreducible element) such that for any
yorx, y = xo @ 1y for some k € Zy.. Hence [x]
{zo® 1|k € Zy 3.

3) For all x,2',y,y €V, if v + 2’ and y <>y’ then
2y < 2'Hy and aFy < 2'Fy’.

By 3) of Proposition 3.2 the vector addition and vec-
tor subtraction of equivalence classes can be defined as
follows.

Definition 3.3 The wvector addition and vector sub-
traction of equivalence classes induced by the equiva-
lence relation <+ as in Definition 3.1 are defined as fol-
low: For all xz,y €V,

[@ly] = oy, [0l Ty) = oy,

It is not difficult to verify that (V/o,H,-) (V/ for
short) forms a vector space, where V/, := {[z]|z € V}
is the quotient space induced by <; scalar multiplica-
tion - : RxV/y — V/o is as afz] := [az] for all « € R
and x € V; [0] is the zero element; for each [z] € V/,,
its inverse element is [—x].

Now we give a basis for space V/,, which shows that
V/ is of countably infinite dimension. Actually, this
basis is similar to the one for a matrix quotient space
based on the semitensor product and semitensor addi-
tion of matrices given in [0].

(19)

Theorem 3.4 Consider vector space V/ .. The set

By :={[elli,j € Zy,i > j,ged(i,j) =1} (20)

is a basis of the space, where ef is the j-th column of I;.

Proof To prove this result, we only need to verify
that 1) each [e]] is generated by By and 2) every finite
elements of By is linearly independent, where i, j € Z,
i>j.

We first verify 1). Given [e]"], if ged(m,n) = 1 then
[e] € By. Next we assume ged(m,n) = k > 1. We
have enm/kk ® 1, — el Zi:ol em=t and [enm/kk] € By.

For each 0 < i < k — 1, if ged(m — i,n) = 1 then
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elements of By. Hence V/, is generated by By.
Second we verify 2). Actually, we only need to verify
for each k € Z4, the vectors [e]], 1,7 € {1,...,k},i >
J,ged(i,j) = 1 are linearly independent. Denoting
I :=lem(1,... k), we obtain vectors e/ ® 1;/;, € R,
i,j € {1,...,k},i > j,ged(i,j) = 1, where for each
el, the jl/i-th entry equals 1, and any ¢-th entry
with ¢ > jl/i equals 0. Note that jl/i, where i,j €
{1,...,k},i > j,ecd(i,j) = 1, are pairwise different,
hence these vectors are linearly independent, and the
vectors [e]], 4,7 € {1,...,k},i > j,ged(4,7) = 1 are also
linearly independent, which completes the proof. O

4 Conclusion

In this paper, we characterized a so-called cross-
dimensional vector space and the long-term behavior
of cross-dimensional dynamical systems. Specifically,
we give a basis for the cross-dimensional vector space,
showing that the space is of countably infinite dimen-
sion. In addition, we characterized the long-term behav-
ior of repetitive actions of a matrix on a vector. Further
results will be followed along this line.
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