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Coordinated Output Regulation
of Multiple Heterogeneous Linear Systems

Ziyang Meng, Tao Yang, Dimos V. Dimarogonas, and Karl H. Johansson

Abstract— The coordinated output regulation problem for
multiple heterogeneous linear systems is studied in this paper.
Each agent is modeled as a linear multiple-input multiple-
output (MIMO) system with an exogenous input which rep-
resents the individual tracking objective for the agent. The
multi-agent system as a whole has a group exogenous input
which represents the tracking objective for the whole group.
Under the constraints that the group exogenous input is only
locally available to each agent and that the agents have only
access to their neighbors’ information, we propose an observer-
based feedback controller to solve the coordinated output
regulation problem. A high-gain approach is introduced and
the information interactions are allowed to be switching over
a finite set of fixed networks containing both graphs having
a spanning tree and graphs that do not. A lower bound of
the high gain parameters is explicitly given. It describes a
fundamental relationship between the information interactions,
the dwell time, the non-identical dynamics of different agents,
and the high gain parameters.

I. INTRODUCTION

Coordinated control of multi-agent systems has recently
drawn large attention due to its broad applications in phys-
ical, biological, social, and mechanical systems [1]-[3].
Motivated by the idea of using local information interac-
tions to realize a global emergence [4]-[6], coordination
of multiple linear dynamic systems is an interesting and
fruitful research direction for the control community. For
example, the authors of [7], [8] generalize the existing works
on coordination of multiple single-integrator systems to the
case of multiple linear time-invariant single-input systems.
For a network of neutrally stable systems and polynomially
unstable systems, the author of [9] proposes a design scheme
for achieving synchronization. The case of switching com-
munication topologies is considered in [10] and a consensus-
type observer is proposed to guarantee leaderless synchro-
nization of multiple identical linear dynamic systems under a
jointly connected communication topology. Similar problems
are also considered in [11] and [12], where a frequently
connected communication topology is studied in [11] and
an assumption on the neutral stability is imposed in [12].
The authors of [13] propose a neighbor-based observer to
solve the output synchronization problem for general linear
time-invariant systems. An individual-based observer and a
low-gain technique are used in [14] to synchronize a group
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of linear systems with open-loop poles at most polynomially
unstable. In addition, the classical Laplacian matrix is gener-
alized in [15] to a so-called interaction matrix. A D-scaling
approach is then used to stabilize this interaction matrix
under both fixed and switching communication topologies.
Synchronization of multiple heterogeneous linear systems
has been investigated under both fixed and switching commu-
nication topologies [16], [17]. A similar problem is studied
in [18], where a high-gain approach is proposed to dominate
the non-identical dynamics of the agents. The cases of
frequently connected and jointly connected communication
topologies are studied in [19] and [20], respectively, where a
slow switching condition and a fast switching condition are
presented. More recently, the generalizations of coordination
of multiple linear dynamic systems to the cooperative output
regulation problem were studied in [21]-[23].

In this paper, we generalize the classical output regulation
problem of an individual linear dynamic system to the
coordinated output regulation problem of multiple hetero-
geneous linear dynamic systems. We consider the situation
when each agent has an individual tracking objective and
simultaneously there is a group tracking objective. The
individual objective and the group objective are generated
by autonomous systems (i.e., systems without inputs). Each
individual objective is available to its corresponding agent
while the group objective can be obtained only through
constrained communication among the agents, i.e., the group
objective corresponds to only a subset of the agents. Our
goal is to find an observer-based feedback controller for
each agent such that the output of each agent converges to a
given trajectory determined by both the individual objective
and the group objective. The contributions of this paper
are threefold. First, we consider general linear dynamics,
where the open-loop poles of the agents can be exponentially
unstable and the dynamics are allowed to be different both
with respect to dimensions and parameters. This relaxes
the common assumption of identical dynamics [9], [10],
[12], [13], [19] or open-loop poles at most polynomially
unstable [10], [12], [17], [22]-[24]. Second, the information
interaction can be switching from a graph set containing
both a directed spanning tree set and a disconnected graph
set. This extends the existing works on the case of fixed
communication topologies [9], [13], [18], [21]. Third, an
explicit lower bound on the high gain parameter is derived.
The relationships between the dwell time [25], [26], the non-
identical dynamics among different agents and the high-gain
parameters are explicitly given.

The remainder of the paper is organized as follows. In
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Section II, we give some basic definitions on network model.
In Section III, we formulate the problem of coordinated
output regulation of multiple heterogenous linear systems.
The main results are presented in Section IV. A brief
concluding remark is given in Section V.

II. NETWORK MODEL

Graph theory is introduced to model the communication
topology among agents. A directed graph G is defined as
G := (V,E), where V = {v1,14,...,v,} is the set of
nodes and E C 'V x V is a set of ordered pairs of nodes.
We use the edge (v;,v;) to denote that node v; can obtain
information from node v;. Here v; is the parent node and v;
is the child node. All neighbors of node v; are defined by
N; = {v;|(vj,v;) € E}. A directed path is a sequence of
edges of (v;,v;), (Vj,Vk),.... A directed tree is defined as
a directed graph, where every node has exactly one parent
except for one node (this node has no parent and called the
root), and the root has a directed path to every other node. A
directed graph has a directed spanning tree if there contains
at least one node having a directed path to all other nodes.

For a leader-follower graph G := (V,E), we have
V = {v,v1,...,vn}, EC V x V, where vy is the leader
and vy, 19,..., 1, denote the followers. The leader-follower
adjacency matrix A = [a;;] € R(MTDX("+1) j5 defined such
that a;; is positive if (v;,1;) € E while a;; = 0 otherwise.
Here we assume that a;; = 0,7 =0,1,...,n, and the leader
has no parent, ie.,, ap; = 0,5 = 0,1,---,n. The leader-
follower “grounded” Laplacian matrix L = [I;;] € R™*"
associated with A is defined as [; = Z;.L:O a;; and l;; =
—aj;, where 7 # j.

In this paper, we assume that the leader-follower com-
munication topology ég(t) is time-varying and switching
from a finite set {Gy}rey, where T = {1,2,...,6} is
an index set and § € N indicates its size. We impose
the technical condition that ég(t) is right-continuous, i.e.,
G () remains constant for ¢ € [t;,;41), [ = 0,1,... and
switches at t = ¢;, [ = 1,2,.... In addition, we assume that
infy(tj41—t) > 74 >0,1=0,1,..., where 74 is a constant
known as the dwell time [25].

Let the sets {A }rer and {Ly }rey be the leader-follower
adjacency matrices and leader-follower grounded Laplacian
matrices associated with {Gy}rey, respectively. Conse-
quently, the time-varying leader-follower adjacency matrix
and time-varying leader-follower grounded Laplacian matrix
are defined as A,y = [a;;(t)] and L,y = [l;;(t)], where
o : [to,00) — T is a piecewise constant function of time.

III. PROBLEM FORMULATION

A. Agent Dynamics
Suppose that we have n agents modeled by the linear

MIMO systems with individual exogenous inputs:

T = Az + Biug, (1a)

w; = Siwy, (1b)

L j
€i
Wi e
Agent
Usj Ysi
ah Individual | C
N observer v
Distributed |
observer
Fig. 1. Control architecture for agent v;
where x; € R™ is the agent state, w; € R% 1is the

individual exogenous input, u; € R™ is the control input,
Ai c an‘xni’ Bz c Rnixmi’ SL c R%X%‘.

Assume that there is a group exogenous input for the
multi-agent system as a whole:

To = Aozo, (2a)

yo = Coxo, (2b)

where 2y € R™ is the state, yo € RP is the output, Ay €
R™oxmo - and Cy € RP*"™o,

B. Control Architecture

The control of each agent is supposed to have the structure
shown in Fig. 1. More specifically, for the individual exoge-
nous input tracking, available output information for agent 7
is

Ysi = CsiTi + Dgiws, 3)

where Cy; € RP*™ and D,; € RP*%,

For the group exogenous input tracking, only neighbor-
based output information is available due to the constrained
communication. This means that not all the agents have
access to 7o. The available information is the neighbor-
based sum of each agent’s own output relative to that of
its’ neighbors, i.e.,

G=Y ai;(t)(Yai — yay)
=0

is available for each agent v;, where a;;(t), i =0,1,...,n,
j=0,1,...,n,is entry (i, ) of the adjacency matrix A,
associated with G ;) defined in Section II at time ¢, y4; can
be represented by yqz = Cgiwi, i@ = 1,2,....1, Yao = Yo-
Also, the relative estimation information is available using
the same communication topologies, i.e.,

Gi = > ay () @i — U5)
i=0
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w3 w2 w1
Fig. 2. Information flow associated with three agents vy, va, v3, the
exogenous inputs wi, wa, ws, and the group exogenous input v

is available for each agent v;, where ¥; is an estimation
produced internally by each agent v;.

Fig. 2 gives an example of information flow among the
agents and the group exogenous input v for n = 3 agents.

C. Control Objective

It is quite possible that there exist conflicting goals be-
tween each agent and the whole group in certain applications.
Therefore, in this paper, the control objective of each agent
is to track the group reference x, while following the
individual reference w;, ¢ = 1,2,...,n. The tradeoff of
these conflicting goals is captured by the coordinated output
regulation tracking error (i.e., the total tracking error for both
individual tracking and group tracking of each agent):

e; = Ceiwy + Dejwi + Degxo. €]

Note that it is possible that C;, Cy;, and C.,; are the same
observation matrices. Thus, our objective is to guarantee both
individual objective asymptotic tracking and group asymp-
totic objective tracking, i.e., lim;_, ¢;(t) = 0. We design
an observer-based controller with available individual output
information and neighbor-based group output information to
solve this problem.

For the system shown in Fig. 2, the overall control can
correspond to a leader-follower tracking problem, where
the leader o defines the group tracking objective, and w;
describes the deviation between each agent and the leader.

IV. MAIN RESULT

Before presenting the main result, we first impose some
assumptions on the structure of the systems and information
interactions.

Assumption 4.1.
o The pair [ Cqi —Co |, [

is observable.

e (Si,Dsi),i=1,2,...,nis observable,

For the communication topology set { G}, }xcr, we assume
that Gy, Vk € Y. is a graph containing a directed spanning
tree with 1y rooted. Without loss of generality, we relabel
Y. = {1,2,...,01} 1 < &, < 9), where 6; € N.
The remaining graphs are labeled as Gy, Vk € T4, where
Yg:= {6 + 1,6, +2,...,6}. Denote the graph set G, =
{G}rer, and the graph set G4 = {Gy }rer,, respectively.
We also denote T%(t) and T°(t) the total activation time
when G, () € G, and total activation time when G, ;) € G,

o (A;, B;) is stabilizable,i = 1, ..., n.
A 0

0 A ,i=12....n

during < € [to,t). More specifically, define z € {0,1,...}
as the positive integer satisfying ¢, < ¢ < ¢,41, where ¢,
is a switching instant. Also, define sets K.(t) = {¢|o(t) €
e, Vt € [to,tes1), £=0,1,...,2} and Ky(t) = {£|o(t) €
Ty, ¥t € [totepr), € = 0,1,...,z}. Then, T¢(t) =
Yoveer, (teyr —tg) and TU(t) =t —to — T°(t) if z € Kq or
Tt) = Yypex, (teyr — te) and TO(t) =t — to — T(¢) if
z € K.

T°(t)
T(t)

Assumption 4.2. inf;>, > K, where k is a positive

constant to be determined.

Remark 4.1. Assumption 4.2 implies that G, is non-empty
and there exists a T > 0, such that for any t > tg, the
switching signal o (t) satisfies {t|G, ;) € G }N[t, t4+T] # ¢.
This condition means that the communication topology that
contains a directed spanning tree need to come out frequently
enough [11].

Assumption 4.3. The dwell time 74 is a positive constant.

As suggested by Fig. 1, the design procedure to solve the
coordinated output regulation problem includes three main
parts: the first one is the distributed observer design for
the group exogenous input, the second one is the individual
observer design for the individual exogenous input, and the
third one is the state-feedback control design. We present the
design procedure in detail next.

A. Distributed Observer Design for the Group Exogenous
Input
Step 1: Pseudo-identical Linear Transformation
Denote 7; = [z}, z}|". Then, (1a) and (2a) can be written

by
T; = AT + Biug,

Yai — Yao = CiTi, 1=1,2,...,n,

A;
0 A

|: B :l S Rﬁixm"', 61 = [ Cu —Cy ] € RP*™i_ Define

o

where 4; = [ ] € R%*Wi m; = n; +ng, B; =

0
xi = 1;%; € RI)TL, 1=1,2,..
where

., n, andn = maX;=12,..n Mg,
Ci

=]

—n—1

CA
Note that T; may be not a square matrix, but 7; is full column
rank since the pair (C;, A;), ¢ = 1,2,...,n is observable
from Assumption 4.1. This implies that 7' T} is nonsingular.
Therefore, it follows that

Xi = (A+ Li)xi + Biug, (5a)
(5b)

o |

[ I, 0] € RP*P" for some matrix

Ydi —Yao =Cxi, 1=1,2,...,n,

where A = [ 8 Ip(zfl) } € RPWXPR L =

B, = T;B;, C =
U, € RPXPT,
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Step 2: Distributed Observer Design
Based on the neighbor-based group output information (;
and (;, the distributed observer is proposed for (5) as

5'(\1' :(A + ﬁl)f(\l + Bu; + S(E)PCT
x| D a0 (ar —ya) — D ai (0@ —55) | »
j=0 j=0
i=1,2...,n, (6)

where a;;(t), 1 =0,1,...,n,j =0,1,...,n, is entry (4,7)
of the adjacency matrix A, ;) associated with G, ;) defined
in Section II at time ¢, ¥; = Cxs, ¢ = 1,2,...,m, yg = 0.
In addition, S(g) = diag(l,e !, I,e™2,..., I, ™), where
e € (0,1] is a positive constant to be determined, and P is
a positive definite matrix satisfying

AP +PA" — 20PCTCP + I =0, (7)
where 6 = minger, Bk, and 5 = %)\min(fk —|—f;£), Vk €
T..

Remark 4.2. We need the dynamics information Ag and Cj
to construct the distributed observer (6) for each agent. But
note that the output information y is only available to a subset
of the agents and the initial states of the group objective is not
available.

Lemma 4.1. « All the eigenvalues of Ly, are in the closed
right-half plane with those on the imaginary axis simple,
where Ly, is associated with G, defined in Section II,
and some Gy, € {Gp}rer.

o Furthermore, all the eigenvalues of Ly, are in the open
right-half plane for G, € {Gy }rer..

Proof: See Theorems 4.25 and 4.29 in [27]. ([l

Lemma 4.2. Let Assumptions 4.1, 4.2, and 4.3 hold and
choose k = %‘2‘2"(”, where o« € (0,1). Then, there
exists ane* € (0, 1] such that, ife € (0,*], lim;— oo (X:(t) —
Xi(t))=0,1=1,2...,n, for system (5) and (6).

Proof: Define X; = x; — X;. It then follows from (5) and
(6) that

Xi =(A+ L)X = SEPCT [ Y 15()(yay — yao) — )
j=1
i=1,2....n,

where [;;(t), i=1,...,n, j=1,...,n, is the (4, j)th entry
of the adjacency matrix A, ;) associated with G, ) defined
in Section II at time ¢. It follows that

X =(A+ L)X = SEPCTC [ D ;)0 — X)) | »
j=1

i=1,2...,n.

We then have that

Xi =(A+ L)Xi = S(E)PCTC | D 10X |
j=1
i=1,2...n
By introducing ¢ = & 'S7!(e)y; and noticing that
S~ 1(e)AS(e) = A and eCTCS(e) = CTC, we have that

Eéli = (A—FELE)&—PCTC Zlij(t)fj ,i: 1,2...,71,
j=1

0
where L;. T SE) | O(e).

[flT,f;F, N ,g;ﬂT and £5 = diag([:lg’ 5257 .
the overall dynamics can be written as

Define ¢ =
, Le). Then,

e€=(I,® A+ L. — L, ® (PCTC)) €, (8)

where L, is the Laplacian matrix defined in Section II.

Define piecewise Lyapunov function candidate V, =
€T (P, @ P~1)E, where Py is positive definite matrix satis-
fying

Pk(—fk + ﬂkIn)+ (—Ek + Bk.[n)TPk =-I,<0,ke€ Tc,
Pi(=Ly) + (-Lp) P, <0, ke g,

where the second inequality is due to Lemma 4.1.
It then follows that

Vi <267 (P, @ Pl A) ¢ — 267 (PRI, @ (CTC)) ¢
+267 (P, @ P LE
<M (P (PTTA+ATPTT —20C70)) ¢
— " ((2PLy — 20P,) ® (CTC)) &
+26T (Pe@Ph) Leg
< (Pee (P71 (AP + PAT — 20PCTCP)
xP 1)) E—¢" ((Pkfk +fgpk - 25kpk)
®(CTC)) € + 2Amax(Pi) Amax (P~ HII1Lc[1€]1?
< 2T (P, (PP ) e—€T (I, ®(CT0)) ¢
2 max (Pi) Amax (P 1) || Lc ||

v
€Amin (P ) Amin (P 1) ’
<—2%T (P (PP )¢
-1
2)\max(Pk))‘maX(P )HLEH Vi, Vke T

5>\min (Pk ) /\min (,Pi 1)

It follows that Vi, < —upVi, Yk € Y. if |£] <

Amin (Pk)Amin (P) _ 1
Do (PN Py WheTe pie = 55—y, Vh € Te. Also,

max
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we have that

Vi < 260 (Pe@ (PT1A)) € — 267 (BLe ® (CT0)) €
+26" (PP ) L
<N (Pe@ (PHAP + PAT)PY) ¢
+ 2 max (Pi) Amax (P~ 1L | [1€]1*

-1
< 20¢™ (Peo (7)) € - AP )

2)\max(Pk))\max( )”‘C ||
EAmin(Pk))\mm (p )

It follows that Vi, < —mVi, Yk € g, if ||L.|
nuu(Plc))‘mm(P)

Vi

Vi, Vk e Yy.

Do (PN (P)? where pp = M ,Vk e Yy
Following the similar analysis of [25] [26], we let tq,
ta, ... be the time instants at which switching occurs and
o = pj on [t;j_1,t;). Then, for any ¢ satlsfylng to <t <
C <ty <t <tpyq,define V=t (P, B¢ for (8).
We have that, Yo € [t;_1,t;),
V(Q) S e_p‘ln]’(g_tj—l)v(tjil)
< eIy (), pie.,
Vo) < e#pj(eftj—l)v(tj_l)
< el‘d(gftj”)v(tjfl), pj € Ty,
where ,uc = minkETc HE = ﬁaX(P)’
u =  maXger, Mtk = M. Define a =
iz ((7,)) SUD jex )\:«::EIFD’ k)) We then  know that

V(t;) < alimgy, V(t). Thus, it follows that

V(t) < apeude(t)—u“TC(t)V(to),
where p denotes times of switching during [to, ). Note that
p < % By choosing infy>y, %ﬁg > K= Zi%ﬁ and some
u € (0, u€) for Assumption 4.2, we know that

V(t) < aPe MtV (1)

t—tg
< e 7d

In af,u(tfto)v( )

—e (N—M)(t tO)V( )

Furthermore, set 1 = au®, where some o € (0,1). We

2
then have that x = w,

—x

and

Vi < (o2 ey

It follows that if £ < 274

m, we have for (8) that

(e < ce™ (o =5) =) ey,

Amax (P) Supg ey Amax (Pk)
>\Ini.n(73) SUPg ey )\x.uin(l?k) :
Therefore, £* is chosen satisfying €* <

H[’E* )‘mm(Pk) mm(P)

where ¢ = \/

Q7d and

2Amax(P) Ina
< infrer Do (PO (P This implies that if € €
(0,e*], £ =0 is a globally exponentially stable equilibrium

of (8). This completes the proof.

O

Step 3: Linear Inverse Transformation

We have that

=(TrT) 'y = &F 2", i=12...,n, (9

which will be used in the control input design.

B. Individual Observer Design for the Exogenous Input

Based on the information of Z; and the individual output
information y;, the following individual observer for each
agent is proposed

ﬁi:S@i+K8i (C'Mﬁr\z—&-DucAul i=1,2...,n.

(10)

Lemma 4.3. Let that Assumptions 4.1, 4.2, and 4.3 hold.
Then, (10) ensures that lim;_, o (w;(t) — @;(t)) = 0,4 =
1,2...,n, for system (la), (1b), where K; is chosen such
that S; + K; D; is Hurwitz stable.

- ysi) )

Proof: Define w; = w; — &;, we have that
@i = SiWi+ K i Dyiloi+ K i Csi (Ti—;),

Note that 7; = (T T;) 1T y; = [zF, 28]". Tt thus follows
from Lemma 4.2 and (9) that llmt_>oo(1:,;(t) —Z;(t) =
0. Since S; + K D, is Hurwitz stable, we know that
limy o0 (Wi (t) — w;(t)) = 0. (]
C. Regulated State-feedback Control Input

We now design a controller to regulate e; to zero for each
agent based on the state information x;, w;, and xo. Let I1y;,

IIs;, I'1; and I'y; be the solutions of the following regulator
equation

1=1,2...,n.

138 = Ailly; + Bil'v, (11a)
;Ao = A;illa; + Bil'a;, (11b)
Ceillyi = Dy, (11c)
Colly = Doy, i=1,2....n (11d)

Lemma 4.4. Assume that Assumption 4.1 is satisfied. If the
regulator equations (11) are solvable, the state-feedback con-
troller u; = K;(x; — y;w; — o;20) + T'yiw; + Tosxo ensures
that lim; . €;(t) = 0,4 = 1,2...,n, for the closed loop
system (1) and (2), where K; is chosen such that A; + B; K;
is Hurwitz.

Proof: Consider the following individual output regulation
problem

; = Ajx; + Biug, (12a)

w; = Siwi, (12b)

o = Apxo, (12¢)

e; = Ceiw; + Dejw; + Degxg, 1=1,2,...,n. (12d)

Using the result of classic output regulation [28], we know
that

wi(t) = Ki(x; — Hyw; — Hoixo) + Tiw; + Toizg,  (13)

ensures that lim; o €;(t) = 0,7 =1,2...,n, for the closed
loop system (12), where 1l;;, Ily;, I'y;, and T'9; are the
solutions of (11). [l

2179



D. Main Result

The observer-based controller is proposed as

w; = KTy + (U — Killy)w; + (To — Killpg)2os, (14)
where I1;, I15;, I'1;, and I'; are the solutions of the regulator
equation (11), T; and Zo; are given in (9) and produced in
(6), and @; is given in (10).
Theorem 4.1. Let Assumptions 4.1, 4.2, and 4.3 hold and

2

choose K %“g"(m. Then, there exists ¢* € (0,1]
such that, if e € (0,e*], (14) ensures that lim;_,~ ¢;(t) = 0,
i=1,2...,n, for (1), (2), and (4).

Proof: Note that the closed-loop system (1) with (14) can
be written by

& = Ajz; + B (Kxy + (T — Kl )w; + (Do — Killy;)
xwo) + By (Ki(Z; — ;) + (T — Klg) (0 — w;)
+(T2; — Killg;)(Zo; — o)) -

Therefore, it follows from Lemmas 4.2-4.4 and the separation
principle that lim; . e;(t) =0,i=1,2...,n. g

V. CONCLUSIONS

This paper studied the coordinated output regulation prob-
lem of multiple heterogeneous linear systems. We first
formulated the coordinated output regulation problem and
specified the information that is available for each agent.
A high-gain based distributed observer and an individual
observer were introduced for each agent and an observer-
based controller was designed to solve the problem. The
information interactions among the agents and the group
exogenous input were allowed to be switching over a finite
set of fixed networks containing both the graph having a
spanning tree and the graph having not. The relationship of
the information interactions, the dwell time, the non-identical
dynamics of different agents, and the high-gain parameters
were explicitly given.
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