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Set Target Aggregation of Multiple Mechanical Systems

Ziyang Meng, Tao Yang, Guodong Shi, Dimos V. Dimarogonas,
Yiguang Hong, and Karl H. Johansson

Abstract—1In this paper, we study the set target aggrega-
tion problem of multiple mechanical systems. Each system is
modeled by a Lagrangian dynamical equation and observes a
convex set as its local target. The objective of the group is to
reach an aggregation towards these target sets. We propose a set
target aggregation algorithm that is constructed based on each
mechanical system’s own target sensing and the exchange of its
information with local neighbors. With necessary connectivity
for both fixed and switching communication topologies, multiple
mechanical systems are shown to converge to the intersection
of all the local target sets while the vectors of generalized
coordinate derivatives are driven to zero. Simulations are given
to validate the theoretical results.

I. INTRODUCTION

A large amount of results have been obtained towards
distributed control of multi-agent systems during the last
several decades (see e.g., [1]-[3]). The key idea is to realize
a collective task for the overall system by using only local
information interactions [4]-[6]. Such an algorithm naturally
requires that the individual system is equipped with com-
munication units and therefore the analysis on the influence
of the communication link failure and communication data
loss is important [2], [7]. Also, for the agent dynamics,
both continuous-time and discrete-time models were studied
and deep understanding was obtained including convergence
speed, delay robustness, nonlinear convexity, general linear
dynamics and so on [8]-[12].

The single integrator model assumption has been widely
used in the literature to derive mathematically beautiful
results. On the other hand, in order to satisfy real appli-
cation requirements, the study on the distributed control of
multiple Lagrangian systems has attracted extensive attention
recently. Here, a Lagrangian model can be used to describe
mechanical systems including autonomous vehicles, mobile
robots, robotic manipulators, and rigid bodies [13]-[16]. In
particular, the author of [17] proposed distributed model-
independent consensus algorithms for multiple Lagrangian
systems in a leaderless setting. The rendezvous algorithm
was proposed for multiple nonholonomic vehicles in [18]
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while finite-time coordinated tracking algorithms were pre-
sented in [19] over graphs that are quasi-strongly connected.
In order to obtain zero-error coordinated tracking result, a
sliding mode based strategy was proposed in [20] for the
leader-follower tracking problem. A similar problem was al-
so studied in [21], [22], where continuous control algorithms
were proposed. The authors of [23] established containment,
group dispersion and group cohesion behaviors for multiple
Lagrangian systems, where both the cases of constant and
time-varying leaders’ velocities were considered. The authors
of [24] applied the coordination algorithms to the shape and
formation control.

In this paper, we study the set target aggregation prob-
lem of multiple mechanical systems driven by Lagrangian
dynamical equation and each agent observes a convex set as
its local target. We propose a set target aggregation algorithm
that is constructed based on each agent’s own target sensing
and exchange of its information with local neighbors. We
show that multiple Lagrangian systems converge to the
intersection of all the local target sets while the vectors of
generalized coordinate derivatives of all the agents are driven
to zero for both cases of fixed communication topology
and switching communication topology provided that some
necessary connectivity conditions are satisfied.

The remainder of the paper is organized as follows. In
Section II, we give some basic notation and definitions
on convex analysis, graph theory, and Dini derivatives. We
then formulate the problem in Section III. The main results
are presented in Sections IV and V for the cases of fixed
and switching communication topologies, respectively. The
simulations are followed in Section VI and a brief concluding
remark is given in Section VII.

II. PRELIMINARIES
A. Convex Analysis

Denote || - || the Euclidean norm. For any nonempty set
S C R™, we use ||z||s = infyes ||z — y|| to describe the
distance between x € R™ and S§. A set S C R™ is called
convex if (1 — )z +Cy € S when z € S, y € S, and
0<¢<L

Let & be a convex set. The convex projection of any
x € R™ onto S is denoted by Ps(x) € S satisfying ||z —
Ps(z)|| = ||z|ls- We also know that ||z|% is continuously
differentiable for all x € R™, and its gradient can be
explicitly obtained by [25]:

Vllz|lz = 2(x — Ps(x)). (1)
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Also, it is trivial to see that
(Ps(z) —2)"(Ps(x) —y) <0, WeS, ()
and
IPs(z) = Ps()ll < lz —yl, Yo,y eR™. ()

B. Graph theory

An undirected graph G consists of a pair (V,E), where
V = {1,2,...,n} is a finite, nonempty set of nodes and
E C VYV xVis a set of unordered pairs of nodes. An arc
(j,1) € & denotes that node i can obtain information from
node j. An undirected graph G is defined such that for any
two nodes ¢ and j, (j,i) € £ if and only if (i,5) € £. All
neighbors of node i are denoted N; := {j : (j,i) € £}. A
path is a sequence of arcs of the form (i, 5), (j,k),.... An
undirected graph G is said to be connected if each node has
an undirected path to any other node.

The weighted adjacency matrix A = [a;;] € R™"
associated with the graph G is defined such that a;; is positive
if (j,4) € € and a;; = 0 otherwise. We also assume that
a;; = aj;, for all 4,7 € V for the undirected graph in this
paper. The weighted Laplacian matrix £ = [l;;] € R"*"
associated with A is defined as [;; = Z#i a;; and [;; =
—a;j, where i # j.

C. Dini derivatives and Matrosov’s theorem
Let DTV(xz(t),t) be the upper Dini derivative of
V(x(t),t) with respect to t, i.e.,
Vi(x(t t —Vix(t),t
DTV (x,t) = limsup (et +7)t+7) ((t), )

T—0t T

The following lemma will be used for our analysis later.

Lemma 1. ( [26]) Suppose for each i € V, V; : R™ x
R — R is continuously differentiable. Let V(z,t) =
max;cy Vi(z,t), and let V(t) = {i € V : Vi(z(t),t)
V(z(t),t)} be the set of indices where the maximum is
reached at time t. Then

DV ((t),0) = max Vi(a(0).1)

The following lemma is a variant of Matrosov’s theorem
stated in [27], which will be very useful in analyzing
uniformly asymptotically stable of the equilibrium of a non-
autonomous system.

Lemma 2 (Matrosov’s theorem). Given the system

= f(t,z), €]

where f(t,0) = 0 and f(t, x) is piecewise continuous int and
locally Lipschitz inx. Let V (t, x) and 1 (t, x) be continuously
differentiable functions on domain [tg, 00) x D and satisfy the
following conditions:
1) V(t, ) is positive definite and decrescent.
2) V(t,z) < W(z) <0, where W (x) is continuous.
3) |¢(t, )| is bounded.
4) The function U(t, x) is continuous in both arguments
and (t,x) = g(x, x(t)), where g is continuous in both
of its arguments, x(t) is also continuous and bounded.

5) There exists a class K function y such that [t (t, z)| >
w(||lz]), Yo € M, where M = {x|W(x) = 0}.

Then, the equilibrium of (4) is uniformly asymptotically
stable on D.

III. PROBLEM FORMULATION

Suppose that there are n agents in the group, labelled by
V = {1,2,...,n}. The system dynamics of the agents are
described by the Lagrangian equations

where ¢; € R™ is the vector of generalized coordinates,
M;(q;) € R™*™ is the m X m inertia (symmetric) matrix,
Ci(qi,qi)g; is the Coriolis and centrifugal terms, and 7; €
R™ is the control force. The dynamics of a Lagrangian
system satisfies the following properties [28]:

1. M;(q;) is positive definite and is bounded for any ¢; €
R™.

2. M;(q;) — 2Ci(qs, ¢;) is skew symmetric.

3. Ci(¢i,¢;) is bounded with respect to ¢; and linearly
bounded with respect to ¢;. More specifically, there is posi-
tive constant k¢ such that [|C;(q;, ¢:)|| < kclld:]]-

We consider the set target aggregation problem for a group
of Lagrangian systems. Each agent 7 € )V observes its own
target set X;. The objective is to ensure that the generalized
coordinate derivatives of all the agents converge to zero and
their generalized coordinates achieve agreement, while the
destination of each agent is constrained by its target set. At
each time, we assume that each agent observes the boundary
points of its target set and obtain the relative distance
information between the target set and itself. Also, the state
information of each agent are exchanged by equipping each
agent with simple and cheap communication unit. In the
following, we give some necessary assumptions on set X,
1 € V and define the set target aggregation problem.

Assumption 3.1. X1, X5, ..., X, are closed convex sets.

Assumption 3.2. X, = (", X, is nonempty and bounded.

Definition 1. Multi-agent system (5) is said to achieve set
target aggregation if

1) limyseo g:(8)]lx, =0, VieV,
2) limyoo(gi(t) — ¢;(£) =0, Vi,j eV,
3) limye0 Gi(t) =0, Vi€ V.

Remark 1. In fact, this set target aggregation problem under
convexity assumptions was a classical problem in optimiza-
tion, where projected consensus algorithm was a standard so-
lution [29]. This algorithm was then generalized to distributed
versions via consensus dynamics in [30], [31]. However,
all these existing algorithms are designed for agents with
first-order dynamics, and are therefore not applicable to the
problem studied in the current paper.
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IV. FIXED COMMUNICATION TOPOLOGY

In this section, the communication topology is assumed
to be fixed. The following target aggregation algorithm is
proposed for all : € V,

Z aij(qi

JEN;

7 = —kqg; — —q;) — (¢ — Px,(@:)), (6)

where & > 0 denotes generalized coordinate derivative
damping, a;; is (4, j)th entry of A associated with G defined
in Section II-B. Note that a,; is a positive constant if (j,7) €
€ and a;; = 0 otherwise.

Theorem 1. Suppose Assumptions 3.1 and 3.2 hold. The
multi-agent system (5) with (6) achieves set target aggrega-
tion in the sense of Definition 1 if the fixed communication
topology G is connected.

Proof: In what follows, we will use Lemma 2 to prove
Theorem 1. Consider the following Lyapunov function:

ZQ;TM (JZ qz ZH% PX Qz ||

i= 1

+5 Z > aijlla — gl (7)

i=1jEN;

Let g denote a column stack vector of all ¢; — g;, where
i < j and a;; # 0. It then follows that V' is positive definite
and decrescent with respect to g, ¢; — Px, (¢;), ¢ € V, and ¢;,
i € V since the communication graph G is connected. This
verifies the first condition of Lemma 2. The derivative of V'
along (5) with (6) is

. L 1
V:ZQ;‘F (2M(Q7)%+M QZ >+Zqz qi PX QZ))

i=

1
1 n
"’52 aij(q; — a5)" (di — dy)

i=1jeN;
=Y a5 |—kd — (6 — Px,(a:)) = > aij(a: —gj)
i=1 JjEN;
+> 0 (6= Pxi(@) + D Y aij(ai —qy)
i=1 i=1 JEN;

= fikq'?qi =W <0,

where we have used (1) to derive the first equality, the
fact that a;; = a;; and the second property of Lagrangian
dynamics to derive the second equality. The above inequality
verifies the second condition of Lemma 2.

Pick any gg € Xpy. Such a gq exists due to the fact that &}
is nonempty and bounded. Define ¢ = > "7, ¢;" M;(g:)(q: —
qo). It follows that ¢;, ¢;, for all ¢ € V are bounded from
the first property of Lagrangian dynamics and the fact that
Vv < 0. Combining with the fact that q¢ is bounded, we
know that |¢| is bounded. This verifies the third condition

of Lemma 2. We then get that the derivative of 1 is

b= D Mi(ai) (i — a0) + D i Milai)(
+zn:q?M
——Z 6 CF (4:)(gi — a0) — Y kd (gi — qo0)
=1
—Z (¢ — q0) Zaij((h—%‘)
JEN;
—Z (g — q0)

n
+Z%TM q Q)+ 4 Mi(g:)d
=1 =1

It is trivial to see that the form of w satisfies the fourth
condition of Lemma 2 based on the facts that g is a constant
and Px,(g;) is a function of g;. It follows that on the set
M={g e R ¢ e R, VieV]|q¢ =0ViecV},
becomes

qi — QO)

PX QL

n

% =— Z(Qi —aq0)" Y aiilai — )

i=1 JEN;
We know that Zl 1(% —qo)?t de/\/ ai (¢ — q5)

=iy, > jen; Gijllai— q;]|? > 0 by noting that a;; = a;;.
Also, we know from (2) that for all i € V, (Px,(q;) —

— Px.(¢:))" (¢ — qo)-

q0)* (¢ — Px,(g;)) > 0. It then follows that
(¢ — q0)" (¢ — Px,(%:)) = llai — Px,(@:)|?
+ (Px,(g:) — 90) " (¢ — Px,(a:))
> |lgi — Px, (@)

This shows that on the set M,

W) < —fz > aiilla — ail* - leqz Px,(a:)]*.

i=1jeN;

Therefore, |¢)| is positive definite with respect to § and

—Px,(q;), % € V. This verifies the last condition of Lemma
2. It thus follows from Lemma 2 that lim; o ¢;(t) =
0, limyoo(q:i(t) — Px,(q:(t))) = 0, ¥i € V, and
lim;_, oo G(t) = 0. Therefore, we know that lim;_, o (g;(t) —
g;(t)) =0, Vi,j € V from the fact that G is connected. It
then follows that for all ¢ € V and [ € V

g — Px, (@)l < llai — @l + lla — Px, (@)l
+ I1Px, (@) — Px, ()|l
<2llgi —all + llae — Px, ()], (8)

where we have used (3). This implies that lim; o (g;(t) —
Px,(¢;(t))) = 0, Vi € V and | € V. Therefore,
lim; 00 ||gi(t)||x, = 0, ¥i € V. This shows that set target
aggregation is achieved in the sense of Definition 1. ]
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V. SWITCHING COMMUNICATION TOPOLOGY

One issue of introducing the communication unit is the
possible communication link failure. Such issue becomes
even more important when we consider the real applications
including controlling multiple autonomous vehicles in the en-
vironments with limited power. Therefore, it is necessary to
consider the case of switching communication topology. We
associate the switching communication topology with a time-
varying graph G,y = (V, (1)), Where o : [to, +00) — P
is a piecewise constant function and P is finite set of all
possible graphs. G,(;) remains constant for t € [t;,#;41),
l=0,1,... and switches at ¢t = ¢;, [ = 1,.... In addition,
we assume that inf;(¢;41 —¢;) > 74 > 0,1 =1,..., where
74 is a constant and this dwell time assumption is extensively
used in the analysis of switched systems [32]. The joint
graph of G,(;) during time interval [t1,t2) is defined by
G([t1,t2)) = Ute[tl,tQ)g(t) = (V7Ute[t1,t2)5(t))- More-
over, j is a neighbor of i at time ¢ when (j,7) € £y (;), and
N (o(t)) represents the set of agent ’s neighbors at time ¢.

Definition 2. G, is uniformly jointly connected if there
exists a constant T' > 0 such that G([t,t + T')) is connected
foranyt > tg.

The existence of the switching communication topology
complicates the problem significantly. In order to simplify
the problem, we assume that the exact information of system
dynamical parameters are available and propose the follow-
ing algorithm

7 = Ciqi, ¢i)di + Mi(qi)wi, Vi€V, )

where

wp=—kgi— Y

JENi(a(t))

aij(c(t) (@i — q5) — (@ — Px,(a:))s

k > 0 denotes generalized coordinate derivative damping,
and a;;(p) is the weight of arc (j,) associated with graph
Gy, for all p € P.

By introducing (9) into (5), we have

Gi = —kqgi — Z aij(o(t)(@ — q5) — (@i —

JEN;(o(t))

Px(4:))-

(10)
We next focus on the closed-loop system (10).

Lemma 3. Suppose that Assumptions 3.1 and 3.2 hold
and choose k large enough. The states of the multi-agent
system (5) with (9) achieve local target aggregation, i.e.,
limy s o0 ||qi (%) ji(t) =0, foralli € V.

Proof: By picking any ¢y € X, we propose the following
Lyapunov function:

quqﬂrz 4 —q0) ¢ + 5 Z:qu—qoll2

2
+ 5; la: = P, (@)

where we choose k£ > 1 to guarantee V' is positive definite.
The derivative of V' along (10) is

v :Z g | ki — Z
i=1 jeN*(J(t))
( PX QL ) + Z
-

JENi(o(t))

+Z||Qi||2+/f2( % — Qo) Q1+ZQ1
k—1) Z:H%H2 Zqz >

=1 jENi(o(t))

Px,(q:))

aij(o(t))(ai — g5)
- QO qu

aij(0(t)) (g — q;) — (¢ — Px,(¢:))

PX QZ))

aij(o(t))

n

x (g —qj) — Z(Qi —q0)" (@i —

i=1
n

- Z(Qi - QO)T Z

i=1 JENi (o (1))

<-[7 d][%ﬁf (k—%z)ang]
_Zqu ZH%HQ

where 7; = ¢ — qo. ¢ = [@{,d5,--,q]" ¢ =
lqf,q3,...,q )T, L, is a weighted Laplacian matrix as-
sociated with G, defined in Section II-B, and we have used
the fact that (qi - qo)T(qi — Py, (qi)) > ||qz — Py, (qi)||2. We
know that all the eigenvalues of £, are non-positive and real,
for all p € P. Therefore, if k is chosen such that £ > 2 +

aij(o(t))(qi — q;)

I maxpep {Amax(Lp)}, or equivalent, k > 2 + w, we
L,
can show that ﬁp 2 is positive semi-definite,

for all p € P, where a* = maxycp max; jey a;;(p). Under
this condition, it then follows that

n n
V<= llaillk, =D llal* <o.
i=1 i=1

Therefore, ¢; and ¢;, Vi € V are bounded. We also know
that (11) implies that

| (Z la:(®) ||2> at

is bounded by V(#). In addltlon, it follows that
g (a3, + > la@®1?) = 2377,

((qi — Px,(¢:)%q + q;fq'i) . Therefore, from (10) and the
facts that ¢; and ¢;, Vi € V are bounded, we know
that §; (3072, las(D)II%, + 27 [l6:(t)]1%) is bounded, Vt >
o. Then, based on Barbalat’s lemma, we can show that
Sy ek, +>2r 16i(#)]|* — 0, as t — oo. Therefore,
lims o0 |lgi(0)|lx, = 0, and lim;, o ¢;(¢t) = 0, for all
1€V. a

(11
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Next, we define x; = ¢;, pyi = ¢; + ¢;, for all ¢ € V.
After some manipulations, (10) can be written as

By = —(T5 — Tpy), (12a)
Tpgi = — Z aij(o(0))(Tnti — Tpyj) + 05, (12b)
JENi(a (1))

Where i€V, and §; = (1_k)qZ+ZJGM(U(t)) Qij (U(t))(ql—
4;)—(¢i—Px,(g:)), for all i € V. Note that Lemma 3 implies
that lim;_, o, 6;(¢) = 0, for all ¢ € V. We next present the
main result of this section.

Theorem 2. Suppose that Assumptions 3.1 and 3.2 hold and
choose k large enough. The multi-agent system (5) with (9)
achieves set target aggregation in the sense of Definition
1 if the communication topology G, ;) is uniformly jointly
connected.

Proof: Consider system (12) as a new multi-agent system
with node set V = {1,2,...,2n}. We associate this system
with a new graph ?U(t) = (V, Za(t)), the corresponding
neighbor set VV;(o(t)) and the adjacency matrix A, ;). Note
that the connections and weights for agents {n + 1,n +
2,...,2n} are defined by &ty and A, (4. In addition, there
exists persistent arc a;(i4n)(t) = 1, for all i = 1,2,...,n
and all ¢ > #g. It is not hard to see that ?U(t) is uniformly
jointly quasi-strongly connected with the uniform constant
T, where ?U(t) is said to be uniformly jointly quasi-strongly
connected if there exists a node i € }V and a constant T > 0
such that there exists a directed path from ¢ to any other
node for G([t,t + T)), Vt > to.

Then, based on Proposition 4.10 of [33] and the fact
that lim;_, ., 0;(t) = 0, for all ¢ € V, we know that
limy 00 (gi(t) — ¢;(t)) = 0, Vi, j € V. Following (8) in the
proof of Theorem 1, we know that lim;_, . ||g;(¢)||x, = 0,
Vi € V. This shows that set target aggregation is achieved in
the sense of Definition 1.

]

VI. SIMULATION RESULTS

In this section, we use numerical simulations to validate
the effectiveness of the theoretical results obtained in this
paper. We assume that there are four agents (n = 4) in the
group. The system dynamics of the followers are given by
the following two-link manipulators [20], [28],

[ My1; Mg, ] [ Giz }—F [ Ci1,i Chag } [ Gix }
Moy Moo Giy Cori Oy Giy

= [ Tix ] i=1,2,3,4,

Tiy

where Mi1,; = 61; + 202;cos iy, M2, = Moy ; = 03; +
02; COS Qiy, Mag; = 03, Ci1,; = —02;5inqiyGiy, Ci2,; =
—02; 810 Giy (Giz + Giy ), Co1,i = O2;8IN iy iz, Cazi = 0. We
choose 61; = 1.301, 65; = 0.256, 03; = 0.096, : = 1,2, 3, 4.
The available local sets of all the agents are rectangles given
by X1 = [~0.5,1] x [~0.5,1], X5 = [0.5, —1] x [0.5, 1],
X3 = [~0.5,1] x [~0.5,1], and X4 = [0.5, —1] x [0.5, —1].
The initial states of the agents are given by ¢; (0) = [-2,2]7,

3 b
.
-
2t q e
N .
~
1 Tl 7
T~
£ of Pd
o ~
-1 L TS
- . \
-2 o o
3 . . . . . . . .
25 -2 15 -1 05 0 05 1 15 2
qx/m

Fig. 1. The trajectories of the generalized coordinates of the agents
using (6) for (5) under a fixed communication topology. The squares
and the cross denote, respectively, the initial and final generalized
coordinates of the agents. The big rectangles denote the available
local sets for each agent.

0(0) = [1.6,3]7, g5(0) = [-2,~2", u(0) = [1.5, 2",
G1(0) = [-0.1,0.1]%, ¢2(0) = [0.2,-0.2]%, ¢5(0) =
[0.7,—0.7]F, and ¢4(0) = [0.4,—0.4]T.

For the case of the fixed communication topology, the
control parameter is chosen by k = 1. The weighted
adjacency matrix A of the generalized coordinates associated

0 2 0 4
. . 2 0 1 0 .
with G is chosen to be A = 010 1| Using (6)
4 0 1 0

for (5), the trajectories of the generalized coordinates of the
agents are shown in Fig. 1. We see that set target aggregation
is achieved.

The control parameter is chosen by k£ = 5. The weighted
adjacency matrix A(t) of the generalized coordinates associ-
ated with G(t) switches between .A; and A, at time instants

te =5, e =0,1,..., where A; =

0 0 0 4

0 010 . . .
Ag = 0100l Using (9) for (5), the trajectories

4 0 0 0

of the generalized coordinates of the agents are shown in
Fig. 2. We see that set target aggregation is achieved even
when the communication topology is switching.

VII. CONCLUSIONS

In this paper, we studied set target aggregation of multiple
mechanical systems. Each system is modelled by the La-
grangian dynamics. The objective is to achieve generalized
coordinate derivative convergence and generalized coordinate
targeted agreement for all the agents. By exchanging infor-
mation with local neighbors, we proposed set target aggrega-
tion algorithms and showed that all the agents converge into
the intersection of all the local target sets over both fixed and
switching communication topologies. Simulation are given to
validate the theoretical results.

6834



3 5
2 o - - - - P
~_ -
’
\
Y
W !
"\
5
£ o b
o
(|
I
1k L
P
-2 o~ Y
3 . . . . . . . .
25 -2 15 -1 -05 0 0.5 1 15 2
qx/m

Fig. 2. The trajectories of the generalized coordinates of the agents us-
ing (9) for (5) under switching communication topologies. The squares
and the cross denote, respectively, the initial and final generalized
coordinates of the agents. The big rectangles denote the available
local sets for each agent.
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