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Distributed Optimization with Dynamic Event-Triggered Mechanisms

Wen Du, Xinlei Yi, Jemin George, Karl H. Johansson, and Tao Yang

Abstract—In this paper, we consider the distributed opti-
mization problem, whose objective is to minimize the global
objective function, which is the sum of local convex objec-
tive functions, by using local information exchange. To avoid
continuous communication among the agents, we propose a
distributed algorithm with a dynamic event-triggered commu-
nication mechanism. We show that the distributed algorithm
with the dynamic event-triggered communication scheme con-
verges to the global minimizer exponentially, if the underlying
communication graph is undirected and connected. Moreover,
we show that the event-triggered algorithm is free of Zeno
behavior. For a particular case, we also explicitly characterize
the lower bound for inter-event times. The theoretical results
are illustrated by numerical simulations.

I. INTRODUCTION

For a networked system of multiple agents, each of
which has a local private convex objective function, the
objective of the distributed optimization problem is to find
the global minimizer that minimizes the global objective
function, which is the sum of the objective functions of
all agents, in a distributed manner. Distributed optimization
has gained a growing interest over the last decade, due to
its wide applications in machine learning, power systems,
communication networks, and sensor networks [1].

To solve the distributed optimization problem, various
distributed algorithms have been proposed. These algorithms
can be generally divided into two categories depending on
whether they are discrete-time or continuous-time.

Most distributed optimization algorithms are discrete-time
and are based on the consensus and distributed (sub)gradient
descent (DGD) method, see, e.g., [2]-[7]. Although the
simple DGD algorithm and its variants are applicable to non-
smooth convex functions, the convergence speed is usually
rather slow due to the diminishing step-size. Thus, in order
to reduce the communication overheads, recent works focus
on speeding up the convergence process for more structured
local convex objective functions, such as smooth strongly
convex ones, see, e.g., [8]-[10]. The common approach in
these studies is to use some sort of historical information to
correct the error caused by the distributed gradient method
with a fixed step-size. On the other hand, to accelerate
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the convergence process, various continuous-time distributed
algorithms based on the proportional-plus integral control
strategy have also been developed, see, e.g., [11]-[16].

Note that all the aforementioned distributed algorithms
require continuous information exchange among the agents,
which may be impractical in physical applications. More-
over, distributed networks are usually resources-constrained
and communication is energy-consuming. In order to avoid
continuous communication and reduce communication over-
heads, the idea of event-triggered communication and control
has been proposed. The early works focus on the single
system [17]-[19] and have been extended to the multi-agent
system setting [20], [21]. Event-triggered communication
mechanisms for the consensus problem have been proposed
in [22]-[25]

However, for the distributed optimization problem, it is
more challenging since in addition to achieve consensus, it
also requires that the consensus state is an optimal solution.
There are a few works which propose distributed algorithms
with event-triggered communication mechanisms for solving
the distributed optimization over undirected graphs [26],
[27]. In particular, the authors of [26] develop an event-
triggered communication scheme which is free of Zeno
behavior [28], i.e., an infinite number of triggered events
in a finite period of time, and establish its convergence to
a neighborhood of the global minimizer. Motivated by the
zero-gradient-sum (ZGS) algorithm proposed in [12], the
authors of [27] propose a ZGS algorithm with a periodical
time-triggered communication mechanism.

Statement of Contributions: In this paper, we develop
a distributed ZGS algorithm with a novel class of event-
triggered communication mechanisms that use an additional
internal dynamic variable, which is why we named dynamic
event-triggered mechanism. We show that the ZGS algorithm
with the dynamic event-triggered communication scheme
exponentially converges to the global minimizer if the un-
derlying graph is undirected and connected. Moreover, we
show that the proposed event-triggered distributed algorithm
is free of Zeno behavior.

Compared to the time-triggered communication scheme
proposed in [27], our event-triggered mechanism is more
energy efficient. Compared to the distributed algorithm with
an event-triggered communication scheme proposed in [26],
which only converges to the neighborhood of the global
minimizer, our proposed algorithm with the dynamic event-
triggered mechanism converges to the global minimizer.

The remainder of the paper is organized as follows. In
Section II, some preliminaries are introduced. In Section
III, we first formulate the distributed optimization problem,



and then motivate our study. In Section IV, we develop a
distributed optimization algorithm with a dynamic event-
triggered communication scheme, and establish its expo-
nential convergence to the global minimizer for undirected
connected graphs. Moreover, we show that the proposed dis-
tributed event-triggered algorithm is free of Zeno behavior.
For a particular case, we also explicitly characterize the
lower bound for the inter-event times. Section V presents
simulation examples. Finally, concluding remarks are offered
in Section VI.

II. PRELIMINARIES

In this section, we provide some basic concepts of graph
theory and convex analysis.

Let G = (V,&,.A) denote an undirected weighted graph
with the set of nodes (agents) V = {1,...,n}, the set of
edges £ CV x V, and the weighted adjacency matrix A =
[ai;] € RV*N where a;; > 0 if and only if (j,i) € &, and
a;; = 0 otherwise. In this paper, we also assume that there
is no self-loops, i.e., a;; = 0 for all ¢ € V. The neighbor set
of agent ¢ is defined as ; = {j € V|a;; > 0}. A path from
node 41 to node iy, is a sequence of nodes {i1,...,ix}, such
that (i;,4;41) € € for j = 1,...,k — 1 in the undirected
graph. An undirected graph is said to be connected if there
exists a path between any pair of distinct nodes.

For an undirected weighted graph G, the weighted Lapla-
cian matrix L = [L;;] € RV*N is defined as L;; =
Z;\f:l a;; and L;; = —a;; for j # 4. It is well known that the
Laplacian matrix has the property that all the row sums are
zero. If the undirected weighted graph G is connected, then
the Laplacian matrix L has a simple eigenvalue at zero with
corresponding right eigenvector 1, and all other eigenvalues
are strictly positive.

A twice continuously differentiable function f : R™ — R
is locally strongly convex if for any convex and compact
set D C R"™, there exists a constant ¢ > 0 such that the
following equivalent conditions hold:

FW)— 1)~V i) (=) > D]’ VayeD (1)

(Vi) = V@) (y—=z)=0ly—=z|*, Vo,yeD (2
V2f(z) >6I,, VreD (3)

where Vf : R® — R” is the gradient of f, V? : R" —
R™*™ is the Hessian of f. The function f is strongly convex
if there exists a constant & > 0 such that the above equivalent
conditions hold for D = R", in which case 6 is called
the convexity parameter of f. For a twice continuously
differentiable function f : R™ — R, any convex set D C R",
and any constant © > 0, the following equivalent conditions
are equivalent:

F)~ F@) - V1@ (y—2) < Dly—al?, vay e D @

(Vf(y) = V(@) (y—z) <Oy —z|?
V2f(z) < ©I,,Vz € D.

Ve,y € D (5)
(6)
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III. PROBLEM FORMULATION AND MOTIVATION
Consider a network of N agents, each of which has a local
private convex objective function f; : R™ — R. The global
objective function of the network is f(x) = vazl fi(x).
All the agents aim to cooperatively solve the following
optimization problem

)

min f(x
xER™ f(

N
)= fila),
i=1
in a distributed manner using only local communication,
which is described by an undirected weighted graph G =
WV, €, A), where V = {1,2,..., N} is the agent set, £ C
VxV is the edge set, and A = [a;;] € RV*N is the weighted
adjacency matrix, where a;; > 0 if and only if (j,i) € &,
and a;; = 0 otherwise.

In the literature, various algorithms have been developed
to solve the optimization problem (7) in a distributed manner,
see, e.g., the recent survey papers [1] and references therein.
However, most existing distributed algorithms require contin-
uous information exchange among the agents, which results
in high energy consumption. Moreover, it is impractical in
physical applications and not desirable in the multi-agent
systems since each agent is usually equipped with a limited
energy resource.

The goal of this paper is to overcome these problems
by developing a distributed algorithm with event-triggered
communication schemes. For this purpose, we make the
following assumption about local objective functions.

Assumption 1. For each © € V, the objective function f; :
R™ — R is twice continuously differentiable, strongly convex
with convexity parameter m; > 0, and has a locally Lipschitz
Hessian V2 f;.

Under Assumption 1, it follows from [29] that the opti-
mization problem (7) has a unique global minimizer, which is
denoted by z* € R™. Moreover, the necessary and sufficient
optimality condition is V f(z*) = Zfil Vfi(z*) =0.

IV. DISTRIBUTED ALGORITHM WITH A DYNAMIC EVENT
TRIGGERING MECHANISM

In this section, we first propose a distributed algorithm
with a dynamic event-triggered communication scheme and
analyze its convergence.

Consider the following distributed algorithm with an
event-triggered communication scheme:

i) =7 (VA ) Y iy (a8 ) — wal1h).
JEN;

t € [thytiir), (8a)

x;(0)=2af, i€V, (8b)

where z;(t) € R™ is agent i’s estimate of the unique
global minimizer z*, v > 0 is the gain parameter, x; is
the minimizer of the local objective function f;(x), and the
increasing sequence {t;}72,, Vj € V to be determined later
is the triggering times and tf%(t) = max{t] : ¢ < t}.



We assume t_{ = 0, Vj € V. For ease of presentation, let
z(t) = xj(tij(t)), and e;(t) = &;(t) —z;(t) for any j € V.
Remark 1. Note that the distributed algorithm (8) with-
out an event-triggered communication scheme is the zero-
gradient-sum (ZGS) algorithm proposed in [12]. However, in
order to avoid continuous communication, we equip the ZGS
algorithm with an event-triggered communication scheme.
Note that it follows from (8) that <>\, V fi(zi(t))

Sier VH@)#(t) = Loy Xyens aii (250 —
@z(t)) = 0 for undirected connected graphs. It then follows
Sfrom V fi(x}) =0 that

PRACIO)

S%

=0, Vt>0. 9)

Therefore, the zero-gradient-sum property is still satisfied for
the event-triggered algorithm (8).

In order to determine the triggering times for agent i € V),
we design a novel class of triggering mechanisms that use
an additional internal dynamic variable x;(t) satisfying the
following equation:

Xit) = —Bixs(t) = 5:(Laslles(0) 1> = Zegi(2)), i € V, (10)

2
where x;(0) > 0, 3; > 0, §; € [0,1], and o; € (0,1) are
design parameters, and
=—c Z Lijll&;(t) = &:))* > 0. A1

jGN

In the following theorem, we propose a dynamic event-
triggered law to determine the triggering times and establish
the exponential convergence of the event-triggered algorithm.

Theorem 1. Assume that Assumption 1 is satisfied, and that
the undirected graph G is connected. Given 0; > =% and
the first triggering time t; = 0, each agent i € V determines

the triggering times {ti }zo 5 by
=Gi(t) > xa(t), t > t}.},

thy = minft : 0;(Li|e: (1) || — 5
k=12 ... (12)

gi .

with §;(t) and x;(t) defined in (11) and (10), respectively.
Then, the distributed algorithm (8) with the dynamic event-
triggered mechanism (12) solves the distributed optimization
problem (7) exponentially, i.e., x;(t) — x* exponentially fast
as t — oo for any i € V.

Proof: We first note that it follows from the way we
determine the triggering times by (12) that

04 .
O:(Lulle (D — S ai(t) < xit), ¥t > 0. (13)
This together with (10) implies that
d;

Xi(t) > =Bixi(t) — 5 xi(t), V¢t > 0.

0;

971

Therefore,
Xil®) = (e PR S 0 v 0. (14)
Next, consider the following function
N
V() =D (file")—filzi(t) =V fi(z:i(t) (2" —2i(t))),
i=1 (15)
where z(t) = [z} (t),..., 2% (t)]" € RN™.

Since Assumption 1 is satisfied, the first-order strong
convexity condition implies that

>Z

The Lie derivative of V' (z(t)) along (8) is

lz* — 2i]|?, VoeRN™ (16)

V(x(t))
N
= 3 olt) V()i
=1 v N
= _Vz(xi(t) - TZLU(ij(t) _il(t))

= —VZ (1) —ei(t)) Y Ligd;(t)
j=1
N N N
S DI O RRD B IRAGI A
=1 i=1 j=1
N N N
== GO +d D et Ly (#(t) — #i(t))
i=1 i=1 j=1,j#i
N N N
<=yY @t =vY. > Lijlle®]?
i=1 i=1 j=1,j%#i
- 72 Z ull% —&(t)|?
i=1 j= 1,]757,
= *quz + VZLullez o
—’YZZ Lijll2;(t) — 2: (1)

LlJl

Z +’YZLM||61 QI

where the third equality holds due to the fact that L = L™ and
L1 = 0, the equalities denoted by = hold since it follows
from (11) that

N
Z ()

v

3 a7

N

N
=D #tLyd;t) = 2"

i=1 j=1

(O)(L @ Ln)i(t),



where Z(t) = [#1(t),...,2%()]" € RV™, and the inequality
holds since —a'b < [|all[|b]| < |lal|* + $||b]|* for all a,b €
R™.

Next, consider the following Lyapunov candidate

N
W(a(®),x() = V{@() +7_xi(),  (8)
where x(¢) [x1(¢),...,xn(®)]". The Lie derivative of

(J: t),x(t))_ along (8) and (10) is

Z Bsz

- §<1fomax> (WL L)

deXi }
(19)

where 0. = max; o; < 1, kg = min;{8; — 1;;51'} > 0, the
first inequality holds due to (17), and the second inequality
holds due to (13).

Note that

2" (t)(L ® I,)x(t)
=(&(t) — e(t)) (L & I,) (&(t) — e(1))
<22"(¢)(L ® In)2(t) + 2€"(t)(L @ In)e(t)
<23"(t)(L ® I,)&(t) + 2||L]|[|e(t)?

N
<(2+ L2y in) 2 6 1ot + mf'{j'“ > )
<k (8 La(t) + mf%E}EZ 20)
where

o ||L||‘7max 2(1_0maX)HLH
ka _max{2+ min; L;; * kqming{6,L;;} }7 @D

the first inequality holds since the Laplacian matrix L is
positive semi-definite and that —a"(L ® I,)b < 1a"(L ®
I)a+3b"(L®I,)b for all a,b € RN™, the second inequality
holds since a"(L ® I,)a < ||L||||a||? for all @ € RN™, and
the third inequality holds due to (13).

It then follows from (20) and (21) that

_ %(1 = Omax)2" (1) (L @ 1,,)2(1)
<- 2k$(17(jmax) TO(L® In)x sz
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This together with (19) implies that

W (w(t) x(0) <H{ ~ 7 (1= Fmax)a" () (L @ (1)
sl 22)

In order to establish the exponential convergence, we will
upper bound the right-hand side of (22) in terms of the
Lyapunov function W (x(¢), x(¢)) defined in (18). To begin
with, we first define the set

¢ ={a R : o) - fila) - VA ("~ 2)
< W(x(0),x(0))},

where the initial condition z(0) = [z}",23",...,2%"]" €
RMN™ and x(0) € RM. Note that it follows from (15), (18)
and (22) that the set C; is nonempty and invariant. Moreover
from Assumption 1, we know that C; is compact.

Next define C = conv U;cyC;, where conv denotes the
convex hull. Note that the set C is compact and z;(t) €
C, Vt > 0, Vi € V. Then, again from Assumption 1, we
know that there exists a constant ©; > m; such that

V2fi(x) < 0,1, Vr €C. (23)

Let n(t) = % >,y @i(t), then n(t) € C since C is convex.
Since x* is the unique solution to the optimization problem

(7), we know that > ., fi(z*) < >y, fi(n(t)). Thus, it
follows from (9) and (15) that

V(ﬂ«“(t))
< S ) = Filwi(t) = Vi) ((t) - 2(0)).
eV
This together with (23), (4) and (6) implies that for all ¢ > 0,
)<Y *Hn —ai(t)]* = 2" (t)(P @ L)a(t),
i€V
where P = [P;;] € RV*Y s a positive seim-definite matrix
given by

1_ 1 1 e

i4 2N2 > orev @g, otherwise.
It is straightforward to check that P1 = 0. Then, by using
a similar analysis as the proof of eq. (5) in [30], for an
undirected and connected graph, we have

p(P)

P< L

~ (L)

where A\y(L) is the second smallest eigenvalue of the Lapla-

cian matrix L, and p(P) is the spectral radius of matrix P.
It then follows from (22) and (25) that

W (a(t), x(t)
N

g’y{ — i(l - Umax)xT(t)(L ® In)x(t) - ?d le(t)}

i=1

(25)



S’V{ - 225;?;)(1 - Jmax)v(x(t)) - % ;Xl(t)}
< —kwW(z(t),x(t)),
where
b = min {2201 o)y B} €9
Hence,

W (z(t), x(t)) < W(2(0), x(0))e 7", vt > 0.

This together with (18), (16), and the fact that y;(¢) > 0
given in (14), implies that

N N
> G lalt) = I < Wae). x(0) =7 3 xilt)
- < e_kWtW(x(OLX(OZ))-l
Therefore,
lz(t) — 1y @ 2*|| < ce™ ¥, 7
where
c=1/—W(z(0),x(0)), (28)

where m = min;cy{m;}. This implies that the algorithm (8)
with the dynamic event-triggering mechanism (12) exponen-
tially converges to the global minimizer with the rate at least
equal to ’“TW [ ]

If the parameter 6; goes to oo in the dynamic triggering
law (12), then it would become the following static triggering
law:

tir = min{t: LigllesOIP = ai(t) 2 0, > 6},

k=1,2,.... (29)

The following corollary shows that the algorithm (8) with
the static triggering law (29) also exponentially converges to
the global minimizer. The proof is very similar to that of
Theorem 1 and thus omitted.

Corollary 1. Under the same assumptions as Theorem 1,
the distributed algorithm (8) with the static event-triggered
mechanism (29) solves the distributed optimization problem
(7) exponentially, i.e., x;(t) — x* exponentially fast as t —
oo for any i € V.

The main purpose of using event-triggered communication
mechanisms is to reduce the overall need of continuous
communication among agents, so it is essential to exclude
Zeno behavior. However, as stated in [25], Zeno behavior
may not be excluded under the static triggering law (29). On
the other hand, Zeno behavior is excluded under the dynamic
triggering law (12) as shown in the next theorem.

Theorem 2. Under the same assumptions as Theorem 1, the
distributed algorithm (8) with the dynamic event triggering
law (12) does not exhibit Zeno behavior.

Proof: The proof is based on a contradiction argument that

Fig. 1.

Network of four agents.

is similar to the proof of [25, Theorem 3.1]. Due to the space
limitation, we have omitted the detailed proof. [ ]

Theorem 2 shows that the algorithm (8) with the dynamic
triggering law (12) is free of Zeno behavior by a contradic-
tion argument. However, the inter-event times are not clear.
The next theorem explicitly characterizes the lower-bound
for the inter-event times for a particular case. Due to the
space limitation, we have omitted the proof.

Theorem 3. Assume that all the assumptions of Theorem 1
are satisfied. In addition, if x;(0) > 0, §; =0, o; € (0, H%)
where o is any positive constant, for all i € V, and 1 =
Bo=---=pBn =L with0 < B < ky, then for any i € V,
there exists a positive constant T; such that tj, i1 i, > 7

forallk=1,2,....

V. SIMULATIONS

In this section, we illustrate and validate the proposed
distributed algorithm (8) with the dynamic event-triggered
communication mechanism (12) by considering a numeri-
cal example, which is adopted from [27] for comparison
purpose. In particular, we consider an undirected network
with NV = 4 agents whose communication topology is given
by Fig. 1. Note that the undirected graph is connected.
The objective functions are f;(z) = %(z — y;)?, where
[Y1,Y2,y3,ya]" = [1.12,2.04,2.98, 3.82]". For this case, the
minimizer for f;(z) is zf = y;.

The simulation results for the algorithm (8) under the
dynamic triggered mechanism (12) with v =1, x;(0) = 10,
B; =1,0; =1, 0, = 05, and §; = 1 for all i € V,
are given in Fig. 2. The evolution of the states of the four
agents is plotted in Fig. 2a, where we see that all agents
converge to the global minimizer z* = 2.49, which agrees
with [27]. This confirms the result of Theorem 1. Moreover,
the corresponding triggering times for each agent are plotted
in Fig. 2b, which clearly shows that the dynamic event-
triggered scheme (12) has less triggering times compared to
the periodical time-triggered mechanism proposed in [27].

VI. CONCLUSIONS

In this paper, we studied the distributed optimization
problem where the local objective functions are twice con-
tinuously differentiable, strongly convex, and have locally
Lipschitz Hessians. To avoid continuous communication
among the agents, we proposed a distributed algorithm
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agent 4
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Fig. 2. Simulation Results

with a dynamic event-triggered communication mechanism.
We showed that the proposed distributed event-triggered
algorithm exponentially converges to the global minimizer
if the undirected graph is connected. Moreover, we showed
that the proposed distributed event-triggered algorithm is free
of Zeno behavior. For a particular case, we also explicitly
characterized the lower bound for the inter-event times. The
future direction is to extend the proposed event-triggered
algorithm to directed graphs.
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