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Abstract—The model reduction problem for networks of inter-
connected dynamical systems is studied in this paper. In particular,
networks of identical passive subsystems, which are coupled ac-
cording to a tree topology, are considered. For such networked
systems, reduction is performed by clustering subsystems that
show similar behavior and subsequently aggregating their states,
leading to a reduced-order networked system that allows for an
insightful physical interpretation. The clusters are chosen on the
basis of the analysis of controllability and observability properties
of associated edge systems, representing the importance of the
couplings and providing a measure of the similarity of the behavior
of neighboring subsystems. This reduction procedure is shown to
preserve synchronization properties (i.e., the convergence of the
subsystem trajectories to each other) and allows for the a priori
computation of a bound on the reduction error with respect to
external inputs and outputs. The method is illustrated by means
of an example of a thermal model of a building.

Index Terms—Clustering, model reduction, multiagent systems,
networks.

I. INTRODUCTION

ARGE-SCALE networks of interconnected dynamical

systems appear abundantly in both technology and nature,
with examples ranging from electrical power grids to biological
or chemical networks. Other examples are sensor networks,
social networks and multiagent systems (see, e.g., [22], [35]
for an overview). However, the large scale of such networked
systems complicates its analysis or control, motivating the
need for reduction techniques capable of finding approximate
networked systems of lower complexity.

Existing model reduction techniques such as balanced trun-
cation [25], optimal Hankel norm approximation [15] or mo-
ment matching [3] provide tools for the approximation of linear
dynamical systems, hereby generating a reduced-order system
(i.e., a system with lower state-space dimension) whose input-
output behavior approximates that of the original system (see
[1] for an overview). Even though such methods can have
strong properties such as the preservation of stability properties
or the availability of a computable error bound, they are not
necessarily suited for the reduction of large-scale networked
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systems. Namely, such existing reduction techniques do gen-
erally not preserve the interconnection structure of a given
networked system. As a result, the physical meaning of the
states is not preserved and the resulting reduced-order system
is difficult to interpret, which could for example complicate
the synthesis of (distributed) controllers. The objective of this
paper is therefore the development of a dedicated reduction
procedure for networked systems, hereby approximating the
input-output behavior of such a system while allowing for a
physical interpretation of the reduced-order model.

The problem of the reduction of networked systems has
received interest in fields ranging from economics [34] to chem-
istry [29] and biology [28]. However, none of these methods
consider external inputs to the networked system, whereas
only the latter considers external outputs. A systems theoretic
perspective is taken in [18], where a reduced-order networked
system is obtained by clustering scalar first-order subsystems
that show similar behavior and subsequently aggregating the
states of these subsystems. Moreover, the networked system has
external inputs and a bound on the error in the state trajectories
is given. Similarly, [24] gives a graph-partitioning approach
towards clustering with the same properties. Early work on a
clustering approach on the basis of a separation of time scales
is presented in [10], whereas an approach for the identification
of strongly coupled clusters in a network of dynamical systems
is given in [33]. The idea of clustering is also exploited in
the coherency-based reduction of power systems, see, e.g.,
[9], [14]. A different approach is taken in [23], where a net-
work of identical higher-order linear subsystems is considered.
Here, rather than performing reduction by clustering subsys-
tems, model reduction is performed on the subsystems. Thus,
the interconnection topology remains unaffected and such an
approach can be interpreted as a structure-preserving model
reduction procedure (see [31]).

In the current paper, the former approach is taken and
a clustering-based model reduction procedure for networked
systems is developed. Contrary to [18], subsystems with higher-
order linear dynamics are considered and the networked system
is assumed to have both external inputs and outputs. Specifi-
cally, the identical linear subsystems are assumed to be passive,
whereas the (directed and weighted) interconnection topology
is assumed to have a tree topology. It is remarked that passive
systems form a physically relevant class of systems and that the
passivity property provides a suitable tool for the analysis of
networked systems (see, e.g., [2], [26]).

For such networked systems, a reduced-order system is
obtained by clustering neighboring subsystems (which form
the vertices of the network graph) and aggregating their states
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to obtain a single subsystem that represents the original clus-
ter. This thus essentially generates an updated interconnection
topology which has a clear physical interpretation. In order to
identify the neighboring subsystems most suitable for cluster-
ing, the controllability and observability properties of associ-
ated edge systems are analyzed. These properties, that will be
referred to as edge controllability and edge observability, char-
acterize how difficult it is to steer two neighboring subsystems
apart or how hard it is to distinguish them, respectively. This
analysis crucially relies on two aspects.

First, a novel factorization of the graph Laplacian (describing
the interconnection topology) is introduced, which allows for
the definition of a suitable edge Laplacian for directed and
weighted graphs and facilitates the definitions of the edge sys-
tems mentioned above. Here, it is noted that this factorization
extends a result for undirected graphs in [39]. For tree struc-
tures, it will be shown that this edge Laplacian has desirable
properties in the scope of clustering-based model reduction for
networked systems.

Second, motivated by a result in [6], the passivity property
is exploited. Namely, this property allows for a decomposition
of the (generalized) controllability and observability Gramians
of the networked system into two parts, which are associated
with the interconnection topology and the dynamics of the
subsystems, respectively. By exploiting this decomposition, the
influence of the interconnection topology on the controllability
(observability) properties can be studied independently, pro-
viding a suitable basis for the selection of the neighboring
subsystems to be clustered.

The main contribution of this paper is thus the development
of a dedicated model reduction procedure for networked sys-
tems, for which the following properties are shown. First, it is
shown that the characterization of edge controllability and edge
observability is guaranteed to exist. Second, the synchroniza-
tion property (i.e., the property that states of the subsystems
converge to each other) is preserved during reduction. Third, a
computable a priori bound on the reduction error (in terms of
input-output behavior) is derived, providing a direct measure of
the quality of the approximation and yielding a theoretical basis
for the edge controllability and edge observability approach
taken in the paper.

Finally, it is remarked that preliminary results on this topic
can be found in [5].

The remainder of this paper is organized as follows. The
problem setting is stated in Section II and preliminaries regard-
ing passivity and graph theory are given in Section III. Then, the
relation between edge systems and synchronization properties
is discussed in Section IV, before presenting the clustering-
based model reduction procedure in Section V. Finally, the
procedure is illustrated by means of an example in Section VI
and conclusions are stated in Section VIIL.

Notation: The field of real numbers is denoted by R. For
a vector © € R", the Euclidian norm is given as |z| = VaTz.
Next, given a matrix X € R™* ™ its entry in row ¢ and column
j is denoted as (X);; and X > 0 (X = 0) denotes a positive
(semi)definite matrix. The identity matrix of size n is denoted
as I,,, whereas 1,, denotes the vector of all ones of length n.
The subscript n is omitted when no confusion arises. Moreover,
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e; denotes the i-th column of I,,. A signal x : T — R" is said
to be in L5 (T) if [, |«(t)]*dt < oo, where the corresponding
norm for 7 =[0,00) is denoted as ||z||2. Finally, X @ YV’
denotes the Kronecker product of matrices X and Y, whose
definition and properties can be found in [7].

II. PROBLEM SETTING

A network of identical subsystems 3; is considered, of
which the linear time-invariant dynamics is given as

3 {.131 = Ax; + B, )
with z; € R™, v;,2z; € R™ and i € {1,2,...,n}. It is noted
that the number of inputs v; to (1) equals the number of outputs
z;, which allows for the interconnection of the subsystems
3 as

n

v = Z wij (25 — zi) + Zgijuj 2

J=1,5# J=1
where i € {1,2,...,n} and with u; € R™, j € {1,2,...,m}
the external inputs to the networked system. In (2), the weights
w;; € R satisfying w;; > 0 represent the strength of the dif-
fusive coupling between the subsystems, whereas g;; € R
describe the distribution and strength of the external inputs
amongst the subsystems. After defining the weighted Laplacian
matrix L as

(L)i; = {_“-’”' ’ 7 3)

n .
D1, Wigy 1=

and collecting the parameters g;; as in a matrix G as (G);; =
gi;, the interconnection (2) can be written as

v=—(L®In)z+ (G®I,)u 4)
where v1' = [v] vl ... Wl], 2T = [T 21 ... 21 and uT =
[uf wi ... ul)]. The interconnection (4) as characterized

through the matrix L can be associated to a graph, as will be
discussed in more detail in Section III.

Similar to the external inputs introduced in (2), external
outputs are given by

Yi = Z hijz; ()
=1

with y; € R™, i€ {1,2,...,p}. Collecting the parameters
hij € Ras (H);; = hyj;, thiscanbe writtenas y = (H ® I,)z,
with 4 = [y{ 43 ... yl]. Then, combining the subsystem
dynamics (1) with the interconnection (4) and the outputs leads
to the dynamics of the networked system as
Ji=I®A-L®BC)x+ (G® B)u ©)
|y=HeO)

where 27 = [z 2T

T nn
i Ty ... Tx] € R™.
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Given a networked system X as in (6), the objective of
this paper is to find a reduced-order networked system that
approximates the input-output behavior of 3 and allows for
a suitable physical interpretation. To satisfy the latter aspect, a
clustering-based reduction procedure is pursued, in which a
reduced-order networked system is obtained by aggregating
the states of neighboring subsystems. This essentially creates a
new interconnection topology, which can be directly interpreted
in terms of the original network structure. The reduced-order
networked system obtained in this way should preserve syn-
chronization properties (i.e., the property that the subsystem
states converge to each other) and provide a bound on the
reduction error.

III. PRELIMINARIES

The reduction technique for networked systems developed in
this paper will exploit results from graph theory, of which rele-
vant definitions and results are given in this section. Moreover,
the subsystems 3; will be assumed to be passive (see, e.g., [8],
[37).

Definition 1: A system 3; as in (1) is said to be passive
if there exists a differentiable storage function V : R” — R
satisfying V' > 0 and V' (0) = 0 such that

V(a:z) = g;/ (zy)@; < viTzi 7

holds along all trajectories of (1). If equality holds in (7), the
system 3; is said to be lossless.

Passive systems can be written in port-Hamiltonian form
[32], [38] as
5. {x (JT R)Quz; + B ®

such that the matrices A and C in (1) are given as A =
(J— R)Q and C = BTQ. In (8), Q = QT characterizes the
storage function V' in (7) as V (z;) = (1/2)a] Qz;, describing
the energy stored in the system and satisfying @ > 0 if (8)
is a minimal realization (see [38]). Moreover, J is a skew-
symmetric matrix (i.e., J = —J7) and R = RT = 0 charac-
terizes the internal dissipation, such that R = 0 for lossless
systems.

The interconnection (2) of the subsystems as characterized
by the Laplacian matrix L in (3) can be associated to a directed
graph G = (V, &) (see, e.g, [16], [22] for details on graph
theory). Here, V = {1,2,..., 7} represents the set of vertices
characterizing the subsystems and £ C V x V gives the set
of directed edges (or arcs) satisfying (¢, j) € £ if and only if
Wji > 0.

Besides this directed graph G, an undirected version of the
same graph is introduced as follows.

Definition 2: Let G be a directed graph with vertex set V and
(directed) edge set £. Then, the undirected graph G, = (V, &,)
with (i,7) € &, if and only if w;; + w;; > 0 is said to be the
underlying undirected graph.

The underlying undirected graph G, thus has an edge be-
tween vertices ¢ and j if at least one of the weights w;; and w;;
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is strictly positive, i.e., if there exists at least one directed edge
between 4 and j. Next, let E € R™*"¢ be the incidence matrix
of an arbitrary orientation of G,, (with 72, the number of edges).
Thus, if the [-th edge connects vertices ¢ and j, then the [-th
column in F is given as +(e; — e;), where the sign depends on
the chosen orientation and it is recalled that e; and e; are unit
vectors. Using this notation, the weighted Laplacian L can be
factorized as follows.

Lemma 1: Consider the matrix L in (3) and let E' be an
oriented incidence matrix of the underlying undirected graph
G.. Then, L can be factored as

L=FET Q)

where ' € R™*" has the same structure as E. In particular, let
the [-th column of E be given as e; — e;, then the I-th column
of F'reads w;;e; — wj;e;, with w;; the weights in (2).

Proof: The matrix L in (3) can be written as the sum L =
Z(i’ et L;j, where L;; characterizes a single edge in G,,. Itis
readily checked that L;; can be written in the form

Lij = (wije; — wjie;)(ei — ;)" (10)
such that choosing the columns of F' and E accordingly leads
to (9). [

The eigenvalues of L can be related to graph-theoretical
properties by exploiting the notion of a directed rooted spanning
tree (see [16], [30]).

Definition 3: A graph 7T is said to be a directed rooted
spanning tree if it is a directed tree connecting all vertices of
the graph, where every vertex, except the single root vertex, has
exactly one incoming directed edge.

The following result can be found in [22], [30].

Lemma 2: Consider the matrix L in (3) with w;; > 0. Then,
L has at least one zero eigenvalue and all nonzero eigenvalues
are in the open complex right-half plane. Moreover, L has
exactly one zero eigenvalue if and only if the associated graph
G contains a directed rooted spanning tree as a subgraph.

IV. EDGE DYNAMICS AND SYNCHRONIZATION

In the remainder of this paper, networked systems X will be
considered that satisfy the following assumptions.

Assumption 1: The subsystems 3, are passive and have the
minimal realization (8).

Assumption 2: The interconnection structure characterized
by L in (3) is such that the following statements hold:

1) the underlying undirected graph G, is a tree (and, thus,
Ne =0 — 1);

2) the graph G contains a directed rooted spanning tree as a

subgraph.

Here, it is remarked that neither of these items implies
the other. Namely, directed graphs satisfying the first item do
not necessarily contain a directed rooted spanning tree as a
subgraph. Moreover, graphs with cycles might also contain
a directed rooted spanning tree as a subgraph, such that the
second item does not imply the first.
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Remark 1: A relevant example of a networked systems that
satisfies Assumptions 1 and 2 is given by large platoons of con-
nected vehicles, see, e.g., [20], [27], [36]. In its simplest form,
vehicles with positions s; are controlled to achieve a desired
spacing A; = 0 with A; = s; — s;_1. Considering vehicles that
are controlled to react to their predecessor and follower by
adapting their velocity $; as $; = —a1A; + a2 11, it follows
that the platoon dynamics is given as

Ai=6, di=ai(Air —A) + (A — A) (1)
in which the subsystems X; are single integrators satisfying
Assumption 1. Moreover, it is clear that the interconnection
structure satisfies Assumption 2. N
Under Assumption 2, the following lemma can be obtained.
Lemma 3: Let the interconnection structure characterized by
L in (3) satisfy Assumption 2 and consider its factorization (9).
Then, the matrix L, € R™*"e with i, = 7 — 1 given as
L.=E"F (12)
has all eigenvalues in the open complex right-half plane and
they equal the nonzero eigenvalues of L.
Proof: To prove this lemma, introduce the matrix 7" as

[

where v is the left eigenvector for the zero eigenvalue of L, i.e.,
vT'L=0. By the second item of Assumption 2 and Lemma 2,
this eigenvalue has multiplicity one, such that v is unique
(up to scaling). Also, by exploiting the theory of nonnegative
matrices (see, e.g., [17]), it can be shown that all elements of
v are nonnegative (and v # 0). It is therefore assumed that v is
scaled such that 71 = 1. As each column of E has only zero
elements except for the pair (1, —1), v is linearly independent
of the columns of E and T as in (13) is nonsingular. Thus, its
inverse exists. In particular, it reads

13)

T = [1 F(ETF)_l} (14)
where it is noted that the inverse of ET F exists as ET F is of

full rank. Then, the application of the similarity transformation
T to L as in (3) leads to

L o 07 _Jo o
TLT _[0 ETF}_[O Le]'

By Assumption 2 and Lemma 2, L contains only a single zero
eigenvalue, which is isolated from the matrix L. in the rep-
resentation (15). Consequently, L. contains all non-zero eigen-
values of L, which are in the open right-half plane by Lemma 2.
This proves the desired result. |

Remark 2: The matrix L. in (12) is directly related to the
dynamics on the edges of the networked system (6). This can
be shown using the coordinates . = (ET @ I,,)x, as will be
done in Section V-A. Motivated by this observation, the matrix
L. might be thought of as the (directed and weighted) edge
Laplacian for the graph G. The edge Laplacian for unweighted
and undirected graphs is studied in [39]. <

15)
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Remark 3: A change in orientation of G, can be expressed
by a diagonal matrix S with entries in {—1, 1}, leading to
the incidence matrix F = ES and F = F'S. Then, it is clear
that L in (9) is independent of the chosen orientation, but
the edge Laplacian L. satisfies L.=FETF =SL.S. How-
ever, the results in this paper hold regardless of the choice of
orientation. N

Next, under the additional assumption that all interconnec-
tions are bidirectional (i.e., both w;; > 0 and wj; > 0 when
(i,74) € &), the matrix F in (9) allows for a factorization that
will be exploited later.

Lemma 4: Let the interconnection structure characterized by
L in (3) satisfy Assumption 2 and consider its factorization
(9). Moreover, assume that w;; > 0 if and only if w;; > 0.
Then, there exists diagonal matrices D; € R™*™ and D, €
R(=1*(=1) satisfying D1 > 0 and Dy > 0 such that

D\FDy = E. (16)

Proof: Toprovethislemma, itisrecalled that Assumption 2
implies the existence of a directed rooted spanning tree 7~
as a subgraph of G. Let &7 denote its set of directed edges,
where (j,7) € E7 denotes the edge from vertex i to vertex
7. The matrices D; and D, will be explicitly constructed by
subsequently considering the 7 — 1 edges of 7, starting from
the root vertex. Thereto, set k = 0 and let V¥ = {iy} with i
the root vertex. Moreover, the matrices DY = I and DY = I
are initialized and the matrix F* = DY F DY is defined.

Now, arbitrarily select an edge (j,¢) € &7 that originates
from one of the vertices previously considered and terminates at
a vertex not considered before, i.e., that satisfies i € V* and j €
V\ VF. As T is a directed rooted spanning tree, such an edge
always exists as long as V¥ # V. Note that there exists a column
in E that equals (up to a possible change of sign) e; — ¢;, i.e.,
that characterizes this edge. Let [ be the index of this column.
Then, the corresponding column of F* := D¥F D} is given as
((DY)wijei — (DY) ;wjie;)(D5),,. Next, note that the vertex
7 and the edge ! were not considered previously such that
the elements (DY), and (D3),;, respectively, have not been
addressed before. Thus, new matrices D¥** and D5 can
be defined as copies of DY and D5, with the exception that
the elements (DF1) ;; and (D5T1),; are (uniquely) chosen to
satisfy

() e = (D), e ) (DE™), = €5 =5

A7)

12

It is easy to see that the solution satisfies (le'H)jj > 0 and
(D5T1Y),, > 0. Then, if VE+1 = VE U {4} # V), this process is
repeated for k < &k + 1.

As T is atree, VF+1 equals V for k = n — 1 and, in this case,
all edges are considered. Moreover, as T is a directed rooted
spanning tree, every vertex in V' can be reached by exactly one
unique path from the root vertex, such that no edges in 7 (i.e.,
columns in F and F) are considered twice. The matrices D1
and D5 in (16) can now be chosen as D1 = D7 and Dy = D7,
finalizing the proof of this lemma. |
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The edge Laplacian L., introduced in Lemma 3, can be
exploited to study synchronization of the networked system X2,
as stated in the following theorem from [5].

Theorem 5: Consider the networked system X in (6) and let
Assumptions 1 and 2 hold. Then, any trajectory of X foru = 0
satisfies, for all i, j € V

lim (z;(¢) — z;(t)) = 0.

t—o0

(18)

V. MODEL REDUCTION

In this section, a clustering-based model reduction proce-
dure for networked passive systems will be presented, hereby
exploiting ideas from balanced truncation. Thereto, edge con-
trollability and edge observability Gramians will be introduced
in Section V-A. These Gramians will be exploited to identify the
least important edge, whose adjacent vertices are then clustered
in a one-step reduction procedure in Section V-B. The repeated
application of this procedure leads to a reduction procedure
to obtain reduced-order networked systems of arbitrary order,
whose properties are analyzed in Section V-C.

A. Edge Controllability and Edge Observability

Balanced truncation, which was introduced in [25], is a
successful approach towards model reduction that allows for an
insightful interpretation as it is based on quantifying the degree
of controllability and observability of a given system (see,
e.g., [1], [15]). Moreover, it guarantees stability preservation
and provides a computable error bound. Motivated by these
properties, ideas from balanced truncation are exploited here for
the reduction of networked systems. In particular, the amount
of controllability and observability of the dynamics on the
edges of the system X in (6) will be considered as a basis for
subsystem clustering. Thereto, the transformation 7" in (13) is
applied to (6) to obtain the new coordinates [zZ 27]" = (T &
I)x. Then, it can be concluded from (15) that the dynamics of
x, and z. are independent.

Specifically, the coordinate z, € R"™ provides a (weighted)
average of the states of the individual subsystems and satisfies
the dynamics

. T
o {a:a = Az, + (v' G ® B)u, (19)

Yo = (H1® C)zq.

Therefore, 33, will be referred to as the average system. Next,
the state x, € R(™*=D7 describes, for each edge, the difference
of the states of the adjacent subsystems (see also Remark 2). It
can be shown (by noting that E7L = L,E") that z, satisfies
the dynamics

5. {a: =(I®A-L@BC)zc+(Ge®Bu

Ye = (He ® C)xe

with G, = ETGand H, = HF(ETF) " Here, itis noted that
the definition of H. is the result of the expression of the inverse
transformation (14). The system 3. in (20) will be called the
edge system and is asymptotically stable by Assumptions 1 and 2
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and Theorem 5, where it is noted that synchronization of 3
is equivalent to asymptotic stability of the associated edge
system ..

The controllability properties of the edge system characterize
whether adjacent subsystems in the networked system 3 in
(6) can be controlled independently, motivating the following
definition (note that G, = ETG).

Definition 4: A matrix P, =II°® Q! is said to be a
generalized edge controllability Gramian for the networked
system X satisfying Assumptions 1 and 2 if the matrix II¢ €
R("~Dx(7-1) guch that IT¢ 3= 0 is diagonal and satisfies

LI +T1°LT — ETGGTE = 0. Q1)

Similar to the characterization of edge controllability in
Definition 4, edge observability can be characterized. However,
the latter characterization is obtained on the basis of a different
realization of the edge system (20), which will be shown in
Section V-B (see in particular Remark 6) to have desirable
properties when model reduction by clustering is performed. In
particular, coordinates x5 = ((ETF)_1 ® Iz, € ROD™ are
considered, such that the transformation of (20) leads to

22
ye:(Hf®C)l‘f 22)

5, {:'gf = (I®A—L.®BC)zs + (G5 ® Bu
with Gy = (ETF)_lETG and Hy = HF. Clearly, X is as-
ymptotically stable and its input-output behaviour equals that
of 3, in (20). Nonetheless, for clarity of exposition, the system
32 will be referred to as the dual edge system.

Then, the observability properties of the dual edge system
provide a characterization of whether adjacent subsystems in
the networked system X in (6) can be distinguished, leading to
the following definition and where it is recalled that Hy = HF'.

Definition 5: A matrix Qf =TI°® Q is said to be a gen-
eralized edge observability Gramian for the networked sys-
tem X satisfying Assumptions 1 and 2 if the matrix II° €
R("~1Dx(7=1) guch that II° 3= 0 is diagonal and satisfies

LT + I°L, — FTHTHF = 0. (23)

The existence of the matrices I1¢ and II° characterizing the
generalized edge controllability and observability Gramians in
(21) and (23), respectively, is guaranteed when all intercon-
nected vertices are bidirectionally coupled. This is formalized
in the following lemma.

Lemma 6: Let the interconnection structure characterized by
L in (3) satisfy Assumption 2 and assume that w;; > 0 if and
only if wj; > 0. Then, there exist diagonal matrices 11 = 0and
° = 0 satisfying (21) and (23), respectively.

Proof: The theorem will be proven for the case of con-
trollability. The result on observability follows similarly.

To prove existence of a diagonal solution II¢ to (21), it is

remarked that the statements in Lemma 4 hold and the matrix
F in (9) can be written as F' = D;'ED;'. Then

_1 1 _1 1 _1 _1
D,?L.D3 =D,?ETFD; = D,?ET"D{'ED,? (24)
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is a symmetric matrix with the same eigenvalues as L., which
are all positive by Assumption 2 and Lemma 3. As a result,
also the matrix ET D' E is symmetric and positive definite.
By exploiting this, it follows that:

LeDy+ DL = E'FDy 4+ DoFTE

=2ETD'E ~ 0. (25)

Thus, as the left-hand side of (25) is positive definite, there
exists a parameter € such that

L.Dy+ DyLT = cETGGTE (26)

showing that e = 71D, is a (positive definite) diagonal solu-
tion to (21). Consequently, the generalized edge controllability
Gramian .75e as in Definition 4 exists. |

Lemma 6 thus guarantees the existence of the generalized
edge Gramians in Definitions 4 and 5. However, the main
motivation for the introduction of these generalized Gramians
follows from the following theorem.

Theorem 7: Consider the networked system 3 in (6) satis-
fying Assumptions 1 and 2. Moreover, assume that matrices
e »>= 0 and e = 0 satisfying (21) and (23), respectively, exist.
Then, the generalized edge controllability Gramian P, and the
generalized edge observability Gramian Q 7 satisfy

pe %pe:ﬁc(@Qil
Qr<Q;=1°2Q

with P, the controllability Gramian of X, in (20) and Q t the
observability Gramian of 3¢ in (22).

Proof: The controllability part can be proven by showing
that the matrix

27)
(28)

A=(I®A-L.®BC){®Q™")
+[M*@Q H(I®A~ L .®BCO)T

+ (Ge ® B)(Ge ® B)" (29)

is negative definite, hereby using results from [6] (see
[19] for a similar result). The observability case can be proven
similarly. |

By Theorem 7, the generalized edge Gramians thus provide
upper bounds for the actual Gramians of the edge system (20)
and dual edge system (22). Here, the Kronecker product struc-
ture of the generalized edge Gramians amounts to a decompo-
sition in two parts, where the first part is only dependent on
the properties of the interconnection topology as characterized
through the edge Laplacian L. [through (21) and (23)]. The
second part is related to the individual subsystems only, through
the storage function that characterizes their passivity property.
This decomposition thus allows for the interpretation of con-
trollability properties on the basis of the interconnection topol-
ogy only, through the matrices I1¢ and II° given by (21) and
(23), respectively. This is highly beneficial in the development
of a reduction method based on subsystem clustering, as this
reduction is essentially performed on the interconnection level.

In particular, the diagonal structure of the matrices I1¢ and
II° allows for a suitable interpretation of the controllability
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and observability properties of individual edges. Namely, by
Theorem 7, II¢ @ Q1 provides an upper bound on the edge
controllability Gramian, and therefore a lower bound on the
energy required to influence each individual edge (see, e.g.,
[1], [15] for an energy interpretation of the controllability and
observability Gramians). Here, it is remarked that, if an edge is
hard to control, it implies that the adjacent subsystems are hard
to influence independently and will thus show similar input-to-
state behavior. Similarly, if an edge is hard to observe (as char-
acterized through II° ® Q), the two adjacent subsystems are
hard to distinguish. These observations will provide the main
motivation for clustering the vertices adjacent to such edges.
Remark 4: Clearly, the matrices I1¢ and II° in Definitions 4
and 5, which in the remainder of this paper will also (abusively)
be referred to as the generalized edge Gramians, are not unique.
However, it might be expected that a better reduced-order
networked system can be obtained when the generalized edge
Gramians provide a tight upper bound on the regular edge
Gramians II¢ and II°. A good heuristic to achieve this is the
minimization of the trace of II¢ and II° under the constraints
(21) and (23) (see, e.g., [4]), which can be achieved by standard
tools for solving linear matrix inequalities. The intuition that
the minimization of the diagonal values of the generalized
edge Gramians leads to better reduced-order models will be
confirmed by error analysis in Section V-C. <

B. One-Step Model Reduction Through Clustering

The generalized edge controllability and generalized edge
observability Gramians introduced in Section V-A provide a
characterization of the degree of controllability and observabil-
ity of each individual edge. The combination of these aspects
provides a measure of the contribution of each edge on the
input-output behavior of the networked system X, such that
the least important edge can be identified. Roughly speaking,
the least important edge has both a low degree of controllability
and a low degree of observability. However, details on how to
select this edge on the basis of the generalized edge Gramians
will be given in Section V-C, where the most suitable approach
will be identified by means of error analysis.

In this section, it is assumed that the least important edge has
been identified and a one-step reduction (i.e., involving only
this single edge) will be considered. As motivated earlier, the
subsystems adjacent to this edge are hard to control individually
and hard to distinguish and it is natural to cluster these two
subsystems. Here, for ease of notation, it is assumed that the
least important vertices are given by ¢ and j, where ¢ = n — 1
and j = n. This can always be achieved by a suitable per-
mutation of the vertex numbers. Then, the projection matrices
V e R 1 and W € R™ (1) are introduced as

0 T 0
v=1o0o 1|, w=|0 w e (30)
0 1 0 Wij
Wij+wWji

clearly characterizing a cluster of the final two vertices. Here,
the elements in the bottom right corner of W are directly related
to the weights of the (directed) edges between vertices ¢ and j.
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Fig. 1. Schematic illustration of the clustering procedure, where projection
with V, W as in (30) amounts to the clustering of subsystems 3; and X in
one new subsystem 33; ;. Herein, the weights of the links connecting the cluster
33; 5 to the rest of the network get updated.

The matrices (30) are used to define the projection (V ®
I)(W @ I)T, which is biorthogonal (i.e., a Petrov-Galerkin
projection, see [1]) due to the property W1V = I. The appli-
cation of this projection to the system matrix in the networked
system X in (6) leads to

We (I A-L®BCO)(V&I)
=W'veA-WTLV @ BC (31)

with WTV =I5y and WTLV € RA-D*(E-1 a5 follows
from the properties of the Kronecker product (see [7]).

By projecting also the input and output matrices of (6), the
one-step reduced order system

s . E=I®A-WTLV @ BC)¢ + (WT'G ® B)u
i =(HV 2 0)
(32)

is obtained, where ¢ € R(™~1)" provides an approximation of
as ¢ ~ (V ® I)&. It is clear from (32) that the dynamics of the
subsystems is not influenced by this reduction. Instead, only
the interconnection structure has been affected to introduce the
cluster of the vertices ¢ and j, as illustrated in Fig. 1.

In order to analyze the properties of the reduced-order
networked system (32), the edge connecting vertices ¢ and j
(i.e., the least important edge earlier identified) is assumed to
be characterized by the [-th column of the original incidence
matrix E (and weighted incidence matrix F'), where [ = n, =
n — 1. As for the vertices, this can always be achieved by a
suitable permutation of the edge numbers. Now, the matrices F/
and F in (9) can be partitioned accordingly, leading to

FEoo 0 Foo 0
E=|Eoy Euf, F=1Foy Iy (33)

Here, it is noted that the zero entries in both E and F’ result
from the fact that the corresponding column represents the edge
connecting vertex i to j. Specifically, F;; € {—1,1}and Ej; =
—FEy. Similarly, Fy; = w;jEy and Fj = w;; Ej, as follows
from Lemma 1.

Using the partitioning (33), the matrix L = WTLV char-
acterizing the interconnection topology of the reduced-order
networked system 3.1 in (32) can be shown to satisfy the
following properties.

Lemma 8: Let the interconnection structure characterized by
L in (3) satisfy Assumption 2 and consider its factorization
(9), in which the factors E' and F' are partitioned as in (33).
Moreover, let L = WTLV be the reduced-order interconnec-
tion matrix obtained by projection using the matrices (30), let
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G be the corresponding graph on n — 1 vertices and G, the
underlying undirected graph. Then, the following results hold:

1) The matrix L can be factored as L = F ET, where F €
R(™-D*(=2) and ' € R™1D*(7-2) are given by

A Eoo

E = 34
|:Ei0 + Ejo] 34)

F = w;; . (35)
|:wij—i-wji Fio + w; +'wJ FjO

2) The underlying undirected graph G, is a tree;
3) The graph G contains a directed rooted spanning tree as a
subgraph.

Proof: The first item can be proven by exploiting the
factorization of L as in (9), from which it follows that

WTLV =WTFETV = WTFR)(VTE) . (36)
The computation of V7 E, hereby using (33), leads to
E 0
TE _ 00
v Eiw+FEj 0 7)

where it is noted that the final column contains all zeros since
E; + Ej; = 0. Namely, the [-th (with [ = 7o — 1) column of E/
characterizes the edge that connects vertices ¢ and j, such that
E; € {1,—1} and Ej; = —F;;. Similarly

Foo B 0
Fio+ o——Fjo 0

Wij+w;i

(38)

WTF = [ w;;

wij+wjg

hereby using a similar argument to prove that the final column
contains all zeros. Herein, the choice of the weights in W
as in (30) is crucial. Also, it is noted that the bottom row in
(38) specifies how the weights of the links that connect the
cluster to the rest of the network are updated (see Fig. 1).
Finally, setting F and F as the nonzero columns of V7 E and
WTF, respectively, proves the first item in the statement of the
theorem.

The second and third item of the proof are very intuitive, but
a formal proof is given in [5]. |

As the selection of suitable vertices for clustering is based
on properties of the edge system (20) and dual edge system
(22), it is natural to analyze the reduced-order system in similar
coordinates. Therefore, the transformation matrix 7' = [ E]”
is introduced, which is of the same form as (13). Here, U is the
left eigenvector for the zero eigenvalue of L, thus satisfying
TL =0 and 271 = 1. Moreover, E is the reduced-order
incidence matrix of the underlying undirected graph Gy as in
Lemma 8 [see (34)].

Then, by performing the coordinate transformation
[€r feT]T = (T ® I)¢, it follows that the dynamics of the
reduced-order average system 3, is given as

s {éa = A&+ ("WTG @ B)u

39
o = (HV19 Ot )
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Here, it is noted that £, € R", such that its order equals that of
3., in (19). Nonetheless, ﬁla will be referred to as the reduced-
order average system.

Similarly to the edge system 3. in (20), the (one-step)
reduced-order edge system 3. is given as

ﬁ: . ée_(I®A L ®Bc)§e (
. :(He®c)€e

® B)u 40)

where &, € R("27" and L, = ETF is the reduced-order edge

Laplacian for the graph G. In (40), the matrices G and H,

are given as G, = ETWTG and H, = HVF(ETF) ! re-

spectively. Moreover, after expressing (40) in new coordinates
& =(ETF)
3! ¢ is obtained. Similar to the high-order counterpart in (22),
it has the same form as the reduced-order edge system (40)
with new external input matrix G; = (ETF )71EATWTG and
external output matrix [; = HV'F.

It is recalled that the selection of the least important edge
is performed on the basis of the generalized edge Gramians
in Definitions 4 and 5, which are in turn calculated through
the edge dynamics (20) and dual edge dynamics (22). After
expressing the generalized edge Gramians I1¢ and II° as

® I)&., the reduced-order dual edge system

11° =diag {7{,75,...75_1 } (41)

71—;‘)171}

these Gramians can be related to the one-step reduced-order
networked system 3, 1 in (32) through the edge system 3.
in (40) and the reduced-order dual edge system 3 ¢ This is
formalized as follows.

Theorem 9: Consider the networked system X in (6) satis-
fying Assumptions 1 and 2 and the reduced-order networked
system 3. 1 in (32). Let the generalized edge controllability
Gramain I1° and generalized edge observability Gramian I1° be
written as (41) and (42), respectively. Then,

1) 11§ := diag{n¢, ...
lability Gramian for 35 _1;

2) 119 := diag{n¢,...m2_5} is a generalized edge observ-
ability Gramian for Sa1.

I1° = diag {n{, 73, . .. (42)

W%_Q} is a generalized edge control-

Proof: In order to prove the theorem, it will be shown first
that the reduced-order (dual) edge system 3. (ﬁ] ) can directly
be obtained from its original (i.e., non-reduced) counterpart 3.
(X ). Thereto, the matrices in (20) and (22) are partitioned as

_ Le,ll Le,12 _ Ge,l
Le = |:Le,21 Le,zz] ) Ge = |:Ge,2
Hp=[Hpy  Hyp (43)

after which it can be checked [by using the partitioning (33) and
the relations (34), (35)] that

Le=Ley — LepaLbyLe (44)
Ge = Ge,l - Le,lQL;IQQGe,Q (45)
ﬁf :Hf,1 - Hf,QL;122Le,21' (46)
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Next, a result from [13] can be used to finalize the proof.
Namely, the application of a projection matrix T, = [I —
LeaaL; 5] to (21) yields
n@ﬁ+ﬁ$—@£ﬁf

= LI + TS LT — G.GT
where the partitioning (43) is used as well as (44) and
(45). It can be seen that the right-hand side of the equality
in (47) characterizes a generalized edge controllability Gramian
for the reduced-order system 3, proving the first item of the
theorem. The second item can be proven similarly. |

Theorem 9 shows that the relevant blocks of the generalized
edge Gramians are preserved under reduction. This is impor-
tant, as it will be shown in Section V-C that this facilitates
the repetitive application of the one-step reduction procedure
discussed in this section, yielding reduced-order networked
systems of arbitrary dimension.

Remark 5: The relation (44) represents a Schur complement
of the edge Laplacian L.. The Schur complement of a Laplacian
matrix also forms the basis of so-called Kron reduction of
graphs, which finds application in the scope of reduction of
electrical networks (see [11]). <

Remark 6: The fact that Theorem 9 gives similar statements
for the generalized edge controllability and generalized edge
observability Gramians is directly dependent on the choice to
consider edge controllability and edge observability in different
and specific coordinates, thus providing a motivation for this
choice. Here, it is recalled that the edge system 3. in (20) is
used to study controllability, whereas the dual edge system X ¢
in (22) is exploited for the observability case. The evaluation of
controllability and observability in the same coordinates would
not lead to a result as in Theorem 9 for both Gramians simulta-
neously, hereby prohibiting the repeated application of one-step
reductions through clustering. Moreover, this choice would not
allow for the computation of a bound on the reduction error
in Section V-C. Consequently, the use of different coordinates
for the expression of the generalized edge Gramians is crucial
for the development of the clustering-based reduction technique
in this paper and the parameters 7§ and 7{ in (41), (42) play a
similar role as the Hankel singular values in balanced truncation
(see [15] for the latter). N

=0 (47)

C. Preservation of Synchronization and Error Bound

The one-step reduction procedure through the projection
using the matrices (30) will be repeatedly applied to obtain
reduced-order networked systems of arbitrary order. However,
before treating this in more detail, the quality of the approxima-
tion obtained by a one-step reduction will be analyzed.

To this end, the output error introduced by reduction is con-
sidered. Herein, it is recalled that the output y of the networked
system 3 in (6) can be found as the sum of the output of the
average system 3, in (19) and the edge system 3. in (20), i.e.,
Y = Ya + Ye. A similar statement holds for the reduced-order
networked system ﬁ]ﬁ_l in (32), such that § = ¢, + ¥.. Error
analysis for the networked system will therefore be considered
for the average system and edge system separately. First, the
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reduced-order average system 3, equals 3, as formalized as
follows.

Theorem 10: Consider the networked system X in (6) satis-
fying Assumptions 1 and 2 and let a1 in (32) be a one-step
approximation obtained by projection. Let 32, in (19) and 3, in
(39) be the corresponding average systems. Then, for any input
function «(+) and initial conditions satisfying z,(0) = £,(0),
the outputs satisfy y, (t) = 9, (¢) for all ¢ > 0.

Proof: To prove the theorem, the error coordinates e,, are
introduced as e, = x, — &,. Next, from the definition of V in
(30) it is easily seen that V'1;_1 = 1, such that it follows from
(19) and (39) that the output error can be written as y, — J, =
(H1 ® C)e,. The dynamics of the error can be obtained from
(19) and (39) and reads

o = Aeq + (v =" WT)G ® B) u. (48)
In the remainder of the proof, it will be shown that v = W7D,
such that (48) is independent of the input u, proving the
theorem.

It is recalled that v and U represent the left eigenvector
for the single zero eigenvalue of L and L, respectively, i.e.,
vTL =0 and 7L = 0. By the factorizations of L as in (9)
and L = FET (see Lemma 8) this is equivalent to FZv =0
and FT0 =0 such that v and © form a basis for the null
spaces (which are guaranteed to be of dimension one by the
factorizations of L. and f/e, where the latter are full-rank) of
FT and FT. Then, after recalling the derivation of £ in (38), it
can be concluded that 57 W7 F = 5T [F 0] = 0 and the vector
W is in the null space of F. Consequently, there exists a
scalar ¢ such that cW 7 = v. Pre-multiplication with 11 yields
cl% Wov = 1%1/. Then, by recalling the definition of W in (30),
it can be seen that 12 W =11 . Now, by exploiting that v
and 7 have nonnegative elements and the standing assumption
that they are scaled such that 12 = 1and 11,7 = 1,itcan be
seen that ¢ = 1 and the result follows. |

Next, the error between the high-order edge system 3. and
the reduced-order edge system 3. is considered. Thereto, the
matrix M is introduced and partitioned according to (43) as

My,

M =
{Mm

M| ;4
MQJ =L (49)

such that My, is scalar. Then, when all interconnected subsys-
tems are bidirectionally coupled, the error bound on the edge
systems is given as follows.

Theorem 11: Consider the networked system 3 in (6) satisfy-
ing Assumptions 1 and 2, where w;; > 0if and only if w;; > 0.
Let 3,1 in (32) be a one-step approximation obtained by
projection. Let 32, in (20) and 3. in (40) be the corresponding
edge systems. Then, for any input function u(-) € £5*([0, 00))
and initial conditions z.(0) = 0, £.(0) = 0, the outputs satisfy

'l
e = Gl < 2220 (Ti5T13)” flulz (50)

with Moo as in (49) satisfying Myo > 0. Moreover, 1:15 =g

n-1
and II§ := 72 _, are the discarded parts of the generalized edge
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controllability and generalized edge observability Gramians as
in (41) and (42).
Proof: The proof can be found in Appendix A. |

In the results discussed so far, a one-step reduction was
considered, in which two neighbouring vertices are clustered
to obtain a reduced-order networked system. In order to define
the reduction of networked systems to an arbitrary order, it
is recalled that the diagonal generalized edge controllability
Gramian II¢ and generalized edge observability Gramian II° in
Definitions 4 and 5, respectively, are written as (41) and (42).
Moreover, it is assumed that the edges are numbered such that
the inequalities

(M)fmin? > .. > (M)Goyeny™h-1mp1 20 (51
hold, where (M);; is the i-th element on the diagonal of M =
L_!. The ordering (51) is motivated by the one-step error bound
(50), which indicates that small values of the products in (51)
lead to smaller error bounds and potentially better reduced-
order systems.

Remark 7: The ordering (51) can always be obtained by a
suitable permutation of the edges in the original coordinates
(20). After introducing the permutation matrix .S and new coor-
dinates x. = (S ® I)Z., the edge Laplacian L. is transformed
to STL.S (consequently, M becomes S” M S), whereas the
generalized edge Gramians II¢ and II° can be written as
STTI¢S and STTICS, respectively, after transformation. <

When the edges are numbered such that the inequalities
(51) hold, a reduced-order networked system consisting of &
subsystems can be obtained by introducing

V =8:-1Va-1Sn-2Vaa--- S;V;

W =S80 1Wa 1S 2Wa 2--- SgWg (52)
where the projection matrices V; and W, are defined as
Iy O I wJO
Vi= 0 Ly, W= 0 Wiy F Wi (53)
0 1 0 Wiy gy

Wiy, FWhy 4

The projection (52) can be considered as a series of one-step
projections .S;V; (and S;W;). Here, S is a permutation matrix
that renumbers the vertices (subsystems) such that the vertices
i; and j; are renumbered as [ and [ — 1, with ¢; and j; the
vertices adjacent to the edge [ that is removed in this step. Then,
V; and W, are of the form (30) and ensure that the relevant
vertices are clustered.

The application of the projection given by (52) to the original
networked system 3 (with n subsystems) in (6) leads to a
reduced-order networked system with & subsystems 3 % as

L T T
ik:{g_ (I®A—WTLV®BC)¢é+(WTG® B)u 54)

§=(HVRC)E

with & € R the reduced-order state vector.

Then, the results on properties of the reduced-order network
system obtained by a one-step reduction can be extended to
obtain results on 3 %» as formalized in the following theorem.
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Theorem 12: Consider the networked system 3 in (6) sat-
isfying Assumptions 1 and 2 and let ﬁlk be a reduced-order
networked system obtained by the series of one-step clusterings
(52). Let gk be the corresponding graph on k vertices and
gu % the underlying undirected graph. Then, gu % 1s a tree and

gk contains a directed rooted spanning tree as a subgraph.
Moreover, any trajectory of Xy satisfies, for all 4,5 € V :=
{1,2,...,k}

lim (& (t) —

t—o0

§(t) = (55)
If, in addition, w;; > 0 if and only if w;; > 0O, then the output
error y — ¥ satisfies

n—1
19—yl <2 <Z(M)u\/7rf7rl"> ]2 (56)

=k

for all trajectories z(-) of 3 and &(-) of 3z such that 2:(0) = 0
and £(0) = 0 and for any input function u(-) € £5*([0, 00)).
Proof: To prove the theorem, it is first noted that Lemma 8

guarantees that the interconnection structure obtained by a one-
step reduction satisfies the conditions in Assumption 2. The
repeated application of this lemma then guarantees that the
reduced-order networked system ﬁ],; satisfies Assumption 2,
such that the statements on QA,-C and QA% % follow from Lemma 8.
Moreover, as reduction is performed on the level of the in-
terconnection topology and the subsystem dynamics remain
unchanged, Assumption 1 also holds for reduced-order net-
worked systems of arbitrary order. Then, the result (55) on
synchronization directly follows from Theorem 5.

To prove the error bound (56), let g; denote the output of
a reduced-order system of the form (54) with [ subsystems,
obtained by a one-step reduction from a networked system
of order [ 4+ 1 and output g;11. By combining the results of
Theorem 10 and Theorem 11, the error bound for this one-step
reduction can be found as

9 — Giv1lly = 1Jas + g — a1 + Jear1)lls

= ng,l - ?367l+1H2
M)u~/mimplull2.

Here, the final equality follows from %, ; = 4,141 in Theorem 10,
whereas the inequality follows from the one-step error bound on
the edge system in Theorem 11. Then, by defining 5 = v, the
application of the triangle inequality leads to

(57)

n—1 n—1

< N = dially, (58

2 =k

95 — ylly = (U — D141)

yielding, after the substitution of (57), the error bound (56) for
the reduced-order networked system by 7 in (54). |

As shown by Theorem 12, the reduced-order networked
system obtained by clustering of subsystems is guaranteed
to synchronize. Thus, stability properties of the original net-
worked system have been preserved. Moreover, an a priori error
bound is available, providing a direct measure of the quality of
the reduced-order networked system.
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Remark 8: 1t is stressed that the result on the preservation of
synchronization in Theorem 12 does not require the assumption
of bidirectionality (in fact, this property can be proven for any
graph satisfying only point 2. in Assumption 2). Moreover, the
reduction procedure discussed in Section V can be applied as
long as solutions II¢ and II° to (21) and (23) exist (for which
bidirectionality provides a sufficient, but not necessary, condi-
tion). Even though the error bound (56) is not guaranteed for
systems that do not satisfy the assumption on bidirectionality,
a good approximation can be expected due to the continuous
dependence of the solutions of 3 in (6) on the interconnection
weights w;;. Here, an arc with zero weight can be approximated
by an arc with arbitrarily small positive weight, at least on a fi-
nite time interval. <

VI. ILLUSTRATIVE EXAMPLE

To illustrate the clustering-based model reduction procedure
developed in Section V, the thermal model of several adjacent
rooms in a building is considered. Following [21], each room is
modeled as a two thermal-mass system given as

lnt (T2 Tl) + Rout ( env
lnt (T’L TQz)

where T} and T4 are the temperature of the fast thermal mass
C1 and slow thermal mass C5, respectively (i.e., Co > C1).
Here, the slow thermal mass represents solid elements such
as walls and furniture, whereas the fast thermal mass mainly
models the air inside the room. In (59), Rj,; is the thermal
resistance between these two thermal masses and R, is the
thermal resistance of the outer walls. Moreover, P; represents
the power supplied to the room through external inputs such
as heaters and the heat exchange with neighbouring rooms and
Teny s the environmental temperature. Then, after choosing the
state 7 = [T} T3], the input v; = P; — R, Teny and output
2z; = T}, it can be checked that (59) can be written in the form
(8), where

O\Ti = -T{) + P,
(59)

CyTi =

1 | 1 1 0
R=———|© — 60
Rint Cl CQ 1 % Rout C12 |: 0:| ( )
and B = [C]* O]T. As a result, Assumption 1 is satisfied. A

corridor of six rooms is considered as in Fig. 2, such that
the interconnection between the rooms can be written in the
form (2) with the weights given by w; ;41 = w;1,; = Ry}, for
i €{1,2,4,5}, w3s = wyz = (KRwan) ' and w;; = wj; =0
otherwise. Here, Ry, represents the nominal thermal resis-
tances of the walls dividing the rooms, where it is remarked that
the resistance of the third wall (i.e., the wall between rooms 3
and 4) can be adapted through the parameter £ > 0.

The control of the temperature in the third room is of interest,
and it is assumed that this room has a heater that supplies the
power Pj. Then, the external inputs to the network of rooms
is given by u = [P}, Tuny|” and the corresponding input matrix
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Fig. 2. Path graph representing a corridor of six rooms and the clusters
obtained by a three-step reduction for x = 1 (left) and x = 0.25 (right).

TABLE 1
NUMERICAL VALUES OF THE CRITERION 71; := (M )y /7fm) FOR & = 1
[ 1 2 3 4 5
10%7; | 0.145 0.951 1.267 0.337  0.092

in the interconnection (2) yields G = [e3 R, 16]. Finally, a
temperature measurement of the third room is available, such
that y = T} and H = e%". By combining this interconnection
structure with the room dynamics, the networked system has the
form (6). Here, it is remarked that the interconnection structure
satisfies Assumption 2, where it is recalled this assumption al-
lows for the interconnection topology to have nonequal weights
(i.e., the thermal resistances of the walls between different
rooms may vary). However, the internal dynamics of each
room (that satisfies Assumption 1) is required to be equal.
The parameters are taken as C; = 4.35 - 10* J/K, Co = 9.24 -
105 J/K, Rine = 2.0-1073 KIW, Roys = 231073 K/W and
Ryann = 16 - 1073 K/W.

After taking x =1, the generalized edge controllability
Gramian and generalized edge observability Gramian are com-
puted through (21) and (23), respectively, hereby minimizing
their trace. Then, by forming the products (M)#mfm?, hereby
using (41), (42) and recalling that M = L_!, it follows that
edge 5 has the smallest influence on the input-output behavior
of the networked system, followed by edges 1 and 4 (see
Table I). Consequently, a three-step reduction leads to the
clustering as in the left graph of Fig. 2, where it is noted that the
rightmost cluster is formed in two steps. Thus, the two leftmost
rooms as well as the three rightmost rooms are approximated
as a single room each. When the thermal resistance of the wall
between rooms 3 and 4 is decreased by choosing x = 0.25, a
different clustering is obtained, see the right graph in Fig. 2.
Even though this corresponds to the intuition that rooms that are
strongly coupled (i.e., the wall between them has only a small
thermal resistance) show similar behavior, it is stressed that the
location of external inputs and outputs also plays an important
role. As an example for the case k = 0.25, the algorithm yields
the large cluster consisting of rooms three to six if the output is
changed to a measurement of the temperature in the first room
rather than room three.

By Theorem 12, synchronization of the reduced-order net-
worked system (for w = 0) is guaranteed. Moreover, Fig. 3
provides a comparison of the frequency response functions (for
input Py, output Tf, and k = 1) of the original networked sys-
tem 3 and the reduced-order networked system 3, showing a
close approximation. In fact, it can be shown that the response
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Fig. 3. Comparison of the magnitude of the frequency response functions 7" of
32 and T of X3 (from input P}, to output Tf’) fork = 1.

with respect to the input 7T, is matched perfectly, which is re-
lated to the fact that this input acts identically on all subsystems
and therefore is related to the average system 3, in (19) only,
which is preserved during the reduction. Finally, Theorem 12
provides an error bound 2 E?ZB(M)”\/W =11.4-1073,
whereas the real error is computed (through the H-norm of
the error system) as 0.849 - 1072, The conservatism in the error
bound is mainly due to the fact that a diagonal structure is en-
forced in the generalized edge Gramians in Definitions 4 and 5.

VII. CONCLUSION

In this paper, a model reduction procedure for networked
systems with a tree topology and passive subsystems is devel-
oped. Based on a controllability and observability analysis of
corresponding edge systems, clusters of subsystems are iden-
tified and subsequently aggregated. As a result, the reduced-
order network allows for a convenient physical interpretation.
Moreover, it is shown that the property of synchronization is
preserved during reduction and a computable a priori bound on
the reduction error is available.

A natural focus for future research is in the extension of
these results towards interconnection topologies including cy-
cles and nonidentical subsystems. Such extensions are however
not straightforward and the following obstacles are faced.

It is clear that the concept of clustering and the corre-
sponding projection-based approach discussed in this paper
are not limited to graphs with a tree structure. However, the
definition of the (generalized) edge Gramians, which are crucial
in determining which subsystems to cluster, is an open problem
for systems with cycles. Namely, for such systems, the edge
Laplacian L. will have a number of zero eigenvalues that
are related to the existence of redundant coordinates in the
corresponding edge system and the interdependence between
these coordinates (due to the presence of cycles) will affect
the definition of the edge Gramians. More specifically, regular
(i.e., non-generalized) Gramians are only uniquely defined for
asymptotically stable systems and, since the generalized edge
Gramians provide bounds on regular Gramians, the current
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definition might not be suitable for systems with cycles. As
an additional complication, it is recalled that any definition
of generalized edge Gramians for systems with cycles should
feature a property similar to that in Theorem 9 in order to enable
model reduction.

In the extension towards networked systems with non-
identical subsystems, a major challenge lies in the computation
of relevant controllability and observability measures. Namely,
in such a case, a decomposition of such measures in terms
related to the graph structure and subsystems, respectively, as in
Theorem 7, does no longer hold. In addition, the representation
of a cluster of non-identical subsystems needs to be defined.

APPENDIX

Before proving the error bound in Theorem 11, the follow-
ing technical lemma is stated, which relates properties of the
interconnection topology to the gain of the networked system.

Lemma 13: Consider an asymptotically stable system

i=(I®A—-L®BC)x+ (G® B)u
. (61)
y=He O
in which the subsystems satisfy Assumption 1. Moreover, con-
sider the accompanying system
§=Hi

i =—L&+ Ga, (62)

and assume that —lzis Hurwitz. If there exists a function
V(%) = T K7 with K = KT 3= 0 and v > 0 such that

V(@) <?al* - [g)” (63)
holds along all trajectories of (62), then there exists a function
V(z) = 27 Kz such that
V() <vful® — |yl? (64)
holds along all trajectories of (61). In particular, K" can be
chosen as K = K ® @, with ) the energy function of the
subsystems as in (8).
Proof: In order to prove this lemma, it is noted that (63)
can be written as
m T {—ETK’ ~-KL+H"H

i GTK

KG] [z
e w

Consequently, (63) holds if and only if the matrix given in
(65) is negative semi-definite (see also the theory on dissipative
systems and the bounded real lemma in, e.g., [8]). By the Schur
complement, this is equivalent to

LK - KL+H"H -~+2KGGTK <0. (66)

Next, the matrix

A=I®A-LoBO)T(K®Q)
+(KeQ)(I®A-Le BC)
+HeCO)(HeC)

-1 (KoQ)(GeB)(GeB) (KeQ) (67

2969

is considered, which has the same structure as the left-hand-side
of (66) [but for the system (61)]. Thus, by the equivalence dis-
cussed above, (64) holds if A satisfies A < 0. Then, expansion
of the Kronecker products and substitution of A = (J — R)Q
and C' = BT (@, hereby noting that J = —J7, leads to

A=—-2(K ® QRQ)
+(-L"K — KL+ HTH —y2KGGTK) 2 CTC (68)

such that the substitution of (66) in (68) gives A < —2(I~( ®
QRQ) < 0. Here, the latter inequality follows from the proper-
ties K 3 0 and R = 0, proving the lemma. |
Now, the proof of Theorem 11 can be stated as follows.
Proof of Theorem 11: To prove the theorem, the error
between the edge system 3. in (20) and the reduced-order edge
system ﬁ]e in (40) has to be considered. However, motivated by
the results of Lemma 13, the accompanying systems defined by
their respective interconnection topologies will be exploited. In
particular, instead of the edge system (20), the dynamics
j/:‘e =—Lc%c + Geﬂv ?je = H %, (69)
will be used, where Z. € R"~!. However, it will turn out
that it is more convenient to write (69) in a different form,
which is obtained by pre-multiplying the dynamics of (69) with
M =1L.tas
Mz, = —I%. + Gyit, e = H.i.. (70)
Here, G = LG, = (ETF) ' G, is the same external input
matrix as that of the dual edge system (22). Before defining the
accompanying system for the reduced-order edge system 3. in
(40), it is recalled that the interconnection topology of 3. is
characterized by Le. Then, by considering the partitioning of
M = Lgl in (49), the relations for the inverse of a partitioned
matrix (see, e.g., [17]) yield

My

-1
_ [ —Mi1Lej2Ly o
- —1 —1
—Mjy Lea1Lg 14

[Mn
Mys

Mo
Moy

My
(71)

Here, Mi, = (Le,ll — Le,lQLe,QQLe,Ql)_l = i;l, where the
latter equality follows from (44). Similarly, after introducing
the partitioning

Gf = |:Gf71:| s H, = [He,l He,Q} (72)

Gy
and observing that Gy = MG, [see (20)], it can be seen by
comparison of (71) and (45) that Gy 1 = Mi1G,. After using
H, = Hy M [see (22)] and (46), it then follows that the accom-
panying system to 3. in (32) can be written as

Mllée = _Iée + Gf,lﬂa ﬁe = He,lée- (73)

In the remainder of this proof, the error between the systems
(70) and (73) will be considered, hereby exploiting ideas from a
frequency-domain approach in [12]. Then, in order to write the
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transfer functions 7" of (70) and T of (73) in a convenient form,
the functions ¢ and A are introduced as

p(s) = (sMu + 1)~
A(S) =sMoy + 1 — SQMglgO(S)Mlg.

(74)
(75)

Using these definitions, the expressions for the inverse of a
partitioned matrix lead to

(sM+1)"' = [‘/’89) 8]

+ {—Ssﬁ(i)Mlﬂ A(s) [~Marsp(s) 1] (76)

from which it follows that T'(s) — T'(s) = H(s)A™'(s)G(s),
where:
H(s) = —

e,150(s)Mia + He o (77)

é(s) = — Mglng(S)Gﬁl + Gﬁg. (78)
This thus expresses the error (in Laplace domain) between the
accompanying systems of the edge system and reduced-order
edge system. The size of this error is quantified by using the
‘H~, norm, which is given as

|75) = 7()||, = supomax (TG0) = Ti)) (79

Hoo weR

and were omax(-) represents the largest singular value. By
noting that the transfer function A in (75) and the product GG
are scalar [see (78)], it follows that (the squared value of) the
maximum singular value in (79) can be written as

O (T(je0) = T(jw) )

G(jw)G" (jw) o VETH
= RC)AT (o) e (H(jw)H (]w)). (80)
Here, TH denotes the Hermitian transpose satisfying
TH(jw) = (T(—jw))T and Amax(-) represents the largest
eigenvalue. However, it is clear from (77) that the matrix
HH" is of rank one, such that its only nonzero eigenvalue
(hence, A\jax) reads HHF , leading to

G (jw)G! (jw)HM (jw)H (jw)
A(jw)AH (juw)

Ohax (T(iw) = T(jw)) =
(81)

It is remarked that (81) is a real-valued function.

In order to find a bound on the magnitude of the frequency re-
sponse function in (81), several terms are considered separately.
First, it follows from the definition of G in (78) that

G(jw)GH (jw) = [~ Marjwe(jw) 1] {gﬁi]

Gl [iwet (—jw)ME
X[GLJ [ ; 82
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At this point, it is recalled that the generalized edge control-
lability Gramian II¢ in Definition 4 satisfies inequality (21).
Pre- and post-multiplication of (21) with M = L_! and M7,
respectively, leads to

mem” + M — MG.GFMT
=°MT + MTI° — G;GT = 0. (83)

Then, by exploiting the partitioning of II° in (41), M in (49),
and G in (72), the use of (83) in (82) leads to

G(jw)G" (jw) < V()5 + 5V (jw).  (84)
where the function V is defined as
V(](JJ) = MQQ — Mgljmp(jw)Mlg. (85)

A similar procedure can be performed for the observability
case, hereby using the definition of the generalized edge ob-
servability Gramian II° in (23). Then, again exploiting the
definition (85), it can be shown that

H (jw)H (jw) < V7 (ju)lI3 + TIEV (jw).  (86)
Now, by collecting the bounds on G(jw)GH (jw) in (84) and
HH (jw)H (jw) in (86) (and recalling that all frequency re-
sponse functions are scalar), it follows that the magnitude of
the error in (81) can be written as

O (T(jw0) = T(jw)) < Ti5TIG6w)  (87)
where the real-valued function ¢ is defined as
V(jw) + VH (jw))?

5(w) = (V(w) + VH(jw)) 88)

A(jw)AH (jw)
In the remainder of the proof, it will be shown that § satisfies

sup 6(w) = 6(0) = (2Ma2)? (89)
weR
where M, is the discarded block of the matrix M in (49).

In order to show that Mo is positive, it is remarked that the
assumption that w;; > 0 if and only if w;; > 0 ensures that the
conditions of Lemma 4 hold and that the matrix F as in (9) can
be written as (16). Then, it follows that:

M=r;'=(E"F)" =D, (E"D;{'E)”" (90)
where D; > 0. Consequently (ETDl_lEY1 is a positive defi-
nite matrix and its diagonal elements are positive. Since Dy > 0
(by Lemma 4), it follows that the diagonal elements of M in
(90) are positive and Mao > 0 [see (49)].

Next, several intermediate steps will be taken to prove the
equality (89). First, Lemma 4 is exploited again and the ma-
trices D; and Ds in (16) are partitioned according to the
partitioning of the matrices E and F' in (33) as

D, = diag{D1,0, D1, D1}, Dy = diag{D2,,D2;} (91)

such that the equality (16) and the partitioning (33) directly
leads to Eo() = DLOFOODQ’O, EiO = Dl,iFiODQ,O and Ejo =
D1 ;Fj0D20. The substitution of this in the expression for
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the incidence matrix for the reduced-order graph E in (34) in
Lemma 8§ leads to

. Eoo
b=
[Eio + Ejo]

[Dro 0
= 0 Dl,i wijtwj; Wji

Wy WijF+w,;

Foo
Fio+

Wi j Fj :| DQ,O

Wi tw;;
92)

where the property D; ;w;; = D1 jwj; is used, which can be
concluded from the construction of the matrix D, as in (17). It
is noted that the second matrix in the multiplication at the right-
hand side of (92) equals F [see (35)], such that (92) provides a
relation of the form

E=DiFD, (93)
where D can be chosen as D> . This relation will be exploited
later.

As a second intermediate step to show (89), the relation £ =
D F D5 in (16) is again exploited. Namely, it follows from
(16) that the matrix D, /*L.D}/* = D;*?ETD;'ED;*/?
is symmetric. By using this fact, as well as the partitioning
of L. in (43) and the partitioning of D» in (91), it is readily
shown that

_1 1 _1 1N\T
Dy} LeanDig = (Dyd LeazD3,) - (94)

The third and final intermediate step is based on the relation
(93), where it is recalled that Dy can be chosen as D5 as in
(91). Then, the factorization f/e = ETF and the relation 93)
imply that D, %)/ QﬁeD;/OQ is a symmetric matrix (see above
for the high—ofder case), such that it admits an eigenvalue
decomposition UAUT'. For the reduced-order edge Laplacian,
this leads to the eigenvalue decomposition

L. = D3, UANUTD,} 95)
where it is noted that all eigenvalues (on the diagonal of A) are
real-valued and positive (by Lemma 3) and U is an orthogonal
matrix.

Now, returning to the proof of the bound (89), the function
V in (85) is considered. By using the definition of ¢ in (74), it
can be shown that V can be written as

V(jw) = (Mas — Moy Myy' M5)
+ Moy Mt (jwl + Le) P M Mia.  (96)

The use of the eigenvalue decomposition (95) in (96) yields

n—2

c:
jw) = (May — Moy M7 M- . 97
V(jw) = (Ma2 21 M Mig) + ; FRpy 7
where the constants ¢; are given as
1 1
¢i = Moy My " D3 (U;U Dy @ My My (98)

and with U; the ¢-th column of U. By exploiting the expressions
for the inverse of a partitioned matrix, it follows from (49)

2971

that My My = —LeaL_ b, and Moy Myt = —L_ % Le 21
[see also (71)], such that the expression for ¢; in (98) can be
written as

-1 5 17T 1
c; = Le722Le,21D2’0U1Ui D270 Le,12L6722. 99)

At this point, it is recalled that L. o is scalar due to the
one-step reduction. Then, by noting that D5 ; in the partitioned
diagonal matrix D5 in (91) is scalar (and strictly positive by
Lemma 4), it follows that:

_1 1 _1 1
¢ =L;3Dy f Lo D3 gUUT Dy Le oDy Loh, - (100)

2
(101)

= |UTD 2 Le1nD? L
i 2,012 e 22
where the relation (94) is used to obtain the latter equality.
Consequently, c; is nonnegative, i.e., ¢; > 0. This condition
will turn out to be crucial in proving the result (89).
To prove (89), the numerator and denominator of ¢ in (88) are
considered separately. First, the (square root of) the numerator
can be written as

V(jW) + VH(jW) =2 (M22 — MglMilMlg)

n—2
201')\1'
+> = - (102)
i=1

By noting that Moy — Moy M ' Mio = L%y = 1/Lc 2o is
strictly positive and recalling that ¢;\; > 0, it is clear that
(102) is a real-valued positive function which decreases as w
increases. Consequently

sup V(jw) + VA (jw) = V(0) + V(0) = 2My,.

weR

(103)

Next, the denominator of § in (88) is considered. By com-
paring the definitions of A in (75) and V in (85), it follows
that A(jw) = I + jwV (jw). Then, by substitution of (97) and
explicitly expressing A(jw)A (jw), it can be shown that
A(jw)AH (jw) is a real-valued nondecreasing positive func-
tion, such that
inf A(jw)AH (jw) = A0)AH(0) = 1. (104)
weR
Herein, the properties A; > 0 and ¢; > 0 are crucial in deriving
the result. Then, the use of the bounds (103) and (104) leads to

sup,er (V(jw) + V¥ (jw))”
infuer A(jw)AH (jw)
(V(0) + VH(0))

= xOar) 0= M)’

sup d(w) <
weR

(105)

which proves the result (89).
The substitution of (89) in (87) leads to

'l
O (T() = T(jw)) < 205 (Ti5TI3) " (106)
providing a bound on the gain of the error system formed by the
accompanying system of 3. in (70) and the accompanying sys-
tem of 3. in (73). As this result is independent on the internal
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realization of the systems, it also holds for the representation
(69) of the accompanying system of X.. Choosing a similar
representation for the accompanying system of 3., it is clear
that the bound (106) holds for an error system of the form (62)
with system matrices

~ L. 0 5 L.Gy
L—[o ﬁJ’G—[aGJ

H=[H. —H.]. (107)

At this point, it is recalled that the bounded real lemma (see,
e.g., [8]) guarantees the equivalence between a frequency-
domain gain bound of the form (106) and the existence of a
matrix K such that (63) holds for v = 2Mao(IISIIS) 2. Then,
the error bound (50) follows from the application of Lemma 13.
Here, it is noted that the system (61) with matrices (107)
characterizes the error system X, — 3. and that the inequality
(64) is equivalent to the system gain using Lo signal norms as
in (50), see, e.g., [8], [32]. [ |
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