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ARTICLE INFO ABSTRACT

Keywords: Connected and Autonomous Vehicles is a technology that will be disruptive for all layers
Front-tracking of traffic control. The Lagrangian, in-the-flow nature of their operation offers untapped new
Tran.smon system potentials for sensing and actuation, but also presents new fundamental challenges. In order to
Moving bottlenecks use these vehicles for traffic state reconstruction and control, we need suitable traffic models,

Stop-and-go wave dissipation
Traffic state reconstruction and model learning
Prediction-based traffic control

which should be computationally efficient and able to represent complex traffic phenomena. To
this end, we propose the Front-tracking Transition System Model, a cell-free modelling approach
that can incorporate Lagrangian measurements, and has a structure that yields itself to on-line
model learning and control. The model is formulated as a transition system, and based on the
front-tracking method for finding entropy solutions to the Lighthill-Whitham—Richards model.
We characterize the solution of this model and show that it corresponds to the solution of the
underlying PDE traffic model. Algorithms for traffic state reconstruction and model learning
are proposed, exploiting the model structure. The model is then used to design a prediction-
based control law for stop-and-go wave dissipation using randomly arriving Connected and
Autonomous Vehicles. The proposed control framework is able to estimate the traffic state and
model, adapt to changes in the traffic dynamics, and achieve a reduction in vehicles’ Total Time
Spent.

1. Introduction

The introduction of Connected and Autonomous Vehicles (CAVs) into highway traffic strike a delicate balance between the
benefits and detriments that they bring. While long-term, we may expect significant throughput and capacity increases once CAVs
reach a high market penetration rate (Shladover et al., 2012; Talebpour and Mahmassani, 2016), the low-to-mid-term effects are
likely to be adverse, due to increased demand and overly conservative autonomous driving behaviour (Alonso Raposo et al., 2017).
Luckily, the presence of even a small number of directly controllable CAVs on the road gives us new potentials for traffic sensing
and control, with unprecedented level of detail, which we might use to improve the traffic flow and offset their negative effects.

Stop-and-go wave dissipation is one problem that yields itself to CAV-based traffic control. In this work, we define stop-and-
go waves (also known as phantom jams, wide moving jams, traffic waves, etc.) as zones of congestion propagating upstream,
with the traffic flow discharging from them lower than the capacity of the road (Yuan et al.,, 2017). While methods for dealing
with this problem based on variable speed limits also exist (Hegyi et al., 2008), their implementation may suffer from the lack of
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required signal equipment wherever a stop-and-go wave might arise. In contrast, CAV-based control relies on communicating with
a small subset of vehicles, which may be done via the ubiquitous mobile phone network, and has been shown to work both in
simulations (Simoni and Claudel, 2017; Piacentini et al., 2018; Ci¢i¢ and Henrik Johansson, 2019), and experiment (Stern et al.,
2018). In particular, using CAVs acting as moving bottlenecks to actuate the control actions, as the referenced works did, has some
crucial advantages, i.e., it requires a relatively low number of directly controlled vehicles, and does not rely on complex behavioural
models to capture the interaction between the CAVs and the rest of the traffic.

These new approaches to traffic control necessitate new approaches to traffic modelling, which accurately predict stop-and-go
waves’ evolution and the influence of individual CAVs on the rest of the traffic, while still being numerically tractable. In order
to accurately model the discharging flow (which may be lower than the road capacity) and propagation of stop-and-go waves, we
need to either use a microscopic traffic model (Laval and Leclercq, 2010), a second-order PDE model (Flynn et al., 2009), or an
extended first-order model (Han et al., 2016). The first two options result in complex models that are hard to use for CAV-based
traffic control design, and the third, while simpler, is ill-suited due to its cell-based nature. Namely, in order for cell-based models
to represent moving features, such as stop-and-go waves and individual controlled CAVs, they need to have small cell lengths
everywhere where these features are present. This greatly increases the number of states and necessitates use of lower time step,
leading to numerical intractability when calculating predictions over a long horizon. Efficient Lax-Hopf based grid-free solution
algorithms for the Lighthill-Whitham-Richards (LWR) model (Mazaré et al., 2011; Simoni and Claudel, 2017) are a good alternative,
but while they can model the CAVs as moving bottlenecks (Monache and Goatin., 2014), they do not provide a straightforward
way of implementing stop-and-go waves with discharging flow lower than the capacity of the road, or other similar phenomena.
Furthermore, these approaches assume the traffic model and state to be known.

Another difficulty in applying CAV-based traffic control is the need for model calibration and traffic state reconstruction wherever
the control is needed. This difficulty is even more prominent here than in case of classical traffic control methods (e.g., ramp
metering and variable speed limits (Hou et al., 2008; Smaragdis et al., 2004; Hosein Ghods et al., 2009)), because the locations
of the actuators and regions of interest might be unknown a-priori. Therefore adequate traffic sensor coverage might be lacking,
preventing the use of some established traffic state estimation algorithms (e.g. Wang and Papageorgiou, 2005, see Seo et al., 2017
for a survey). Algorithms using Lagrangian sensing, where the measurements come from probe vehicles immersed in the traffic flow,
to reconstruct the traffic density profile, have been gaining more traction in recent time (Herrera et al., 2010; Mehran et al., 2012;
Seo and Kusakabe, 2015; Bekiaris-Liberis et al., 2016; Laura Delle Monache et al., 2019; Ci¢i¢ et al., 2020a).

In addition to providing information about the traffic state, these local measurements may be used to learn the models governing
the behaviour of the background traffic and the influence of the CAVs. Traffic model learning is most commonly done by choosing
a model structure, and then calibrating the model parameters using stationary sensor measurements (Spiliopoulou et al., 2017)
or probe vehicle trajectories (Seo et al., 2019). In order to be able to adapt to model variations in time, e.g., due to changing
weather conditions (Billot et al., 2009), online model calibration methods have also been proposed (Antoniou et al., 2005), as well
as extensions to traffic state estimation approaches with model adaptation (Wang et al., 2009).

The main contribution of this work is a cell-free event-based modelling approach that can handle stop-and-go waves, captures
the influence of CAVs, can incorporate Lagrangian measurements, and has a structure that yields itself to on-line model learning,
traffic state reconstruction and control. This model is the Front-tracking Transition System Model (FTSM), formulated as a transition
system, which mirrors the procedure of finding the front-tracking solution to an extended LWR model with a space-dependent flux
function and wave-speed bounds. In this work, we assume that the considered road segment is homogeneous, that stop-and-go waves
have constant propagation speeds (as is empirically observed by Schonhof and Helbing, 2007), and that the CAVs can be modelled
as moving bottlenecks. The FTSM allows regions with potentially moving boundaries to be described by different flux functions,
by including their piecewise linear definitions as one of the model states. This makes it particularly convenient for use in complex
traffic environments, e.g., where some individual vehicles greatly affect the overall behaviour of the traffic in their vicinity acting
as moving bottlenecks or similar phenomena. By assuming constant stop-and-go wave propagation speeds, we are able to model
their discharging flow as lower than the capacity of the road, by defining a new type of weak solution, the wave-speed-bounded
solution, which violates the entropy condition at the stop-and-go wave boundary. A preliminary version of the model was presented
in Cici¢ et al. (2020D).

Front-tracking has long been used as a method for finding entropy solutions to PDE traffic models (Lu et al., 2009; Monache and
Goatin., 2014; Holden and Henrik Risebro, 2015), and is known to yield exact solutions given a piecewise linear flux function and
piecewise constant initial conditions. A comparison of front-tracking and other prominent methods for solving the LWR equations
(Lax-Hopf algorithm, variational method, and Godunov scheme) is summarized in Mazaré et al. (2011). The hybrid nature of the
solution obtained by front-tracking inspired us to formulate the FTSM as a transition system (see Tabuada, 2009 for an introduction
to the concept). While the well-posedness of the LWR model with modifications such as the proposed ones, e.g. discontinuous flux
function (Adimurthi et al., 2011), is still an open question for the general case, in the specific case that this paper deals with,
the solutions exist and are unique, allowing us to define FTSM as a nonblocking deterministic transition system without Zeno
behaviour. This model formulation enables straightforward extensions which can be made by redefining some model components
(e.g. transitions), without substantial changes to the remainder of the model. For example, in this work, stop-and-go waves were
implemented by modifying one of the transitions. As a model based on transition systems, the FTSM bears a resemblance in spirit to
the SHIFT framework (Deshpande et al., 1996) and other hybrid system approaches explored within the California PATH program.

Next, we leverage the specific form of the model to reconstruct the traffic state and learn different aspects of the model. Since
the FTSM provides a cell-free description of the traffic situation, we are able to accurately represent the local traffic data,coupling
the traffic state measurements with the position of the CAVs that acquired them. Local traffic density measurements are used to
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Table 1
Overview of most important notation.
Symbol Meaning Symbol Meaning
x Position n Number of active fronts in the FTSM
t, T Time (absolute ¢, duration 7) z Front position
P Traffic density & Flux function and CAV identifier
q Traffic flow F Forced density in the FTSM
o Flux function, fundamental diagram uz Reference speed for CAV &
c, X Flux function breakpoint densities ®; Overtaking flow of CAV ¢
Vv Flux function slopes v Stop-and-go wave identifier
A Front propagation speed f Set of f
A Flux function boundary propagation speed Vi Measurement of quantity f
w Front speed bounds Vi Estimate or prediction of quantity f
X State of the FTSM B, Bound on f in the algorithms
A do=Ag=A3=Af A4 As Ao =W._ <0
AN s 2 —
— e mom—> el m— m—— | m— c— - S EEEEEEEE— .
e e e m—wm e T T T T T N 1 T e e e e
p1, Qo p2,Qo 503,03, PaQo ps, Qo 2 e Qo p1, Qo

Fig. 1. An illustration of the motivating example. Flux function Q, describes the behaviour of the background traffic, while flux function Q. describes the traffic
flowing past a slow-moving CAV (from le(t) =2z,(1) to x:?(r) = 23(1), 2,(1) = 23(1) = A7). The downstream end of a stop-and-go wave z4(r) propagates upstream at
constant speed W_. See Fig. 2 for a more detailed explanation of the example, showing its evolution in time.

reconstruct the traffic state, as well as to learn the flux functions and other model components, along with measurements of traffic
speed or flow. As opposed to e.g. Seo et al. (2019), where a triangular flux function was estimated from similar CAV data, we only
adopt the broad assumption that the flux functions can be approximated as a piecewise linear function, as in Trafikverket (2014).
We propose simple stream processing event-triggered methods for on-line learning of the flux function of the background traffic,
moving bottleneck flux function, and front speed bounds which model stop-and-go waves.

Finally, we use the proposed model to design and implement an adaptive prediction-based traffic control law. We utilize CAVs
as moving bottlenecks to dissipate stop-and-go waves, simultaneously with traffic state reconstruction and model learning based on
the measurements provided by the same CAVs. This control problem is characterized by a significant delay from the time we apply
some control action using a CAV to the time when this control action has an effect on the stop-and-go wave. Therefore, in order
to efficiently dissipate stop-and-go waves, we need to be able to predict the evolution of the traffic over a long horizon, until the
time all of the control actions have an effect on them. Since the FTSM is characterized by a diminishing increases in computational
burden as the prediction horizon increases, it is a good candidate for use as a prediction model for the proposed control law.

The remainder of this article is organized as follows. First, in Section 2 we motivate the introduction of the FTSM through
an illustrative example, describe the model, including how the influence of CAVs is captured, and give some of model properties.
Discussing the front-tracking solutions of the LWR model, including the wave-speed-bounded solution and the solution to Riemann
problems at the interface between zones with two different flux functions, is deferred to the Appendix, together with theorem proofs.
Next, in Section 3, we present the traffic control architecture and control laws for stop-and-go wave dissipation, using CAVs as the
only sensors and actuators, based on the reconstructed traffic state, and using a traffic model learned from the local measurements.
Simple algorithms for traffic state reconstruction and learning different parts of the model (background traffic flux function, moving
bottleneck diagram, and front speed bounds) are proposed. This control law is then tested in simulations in Section 4 and compared
with control laws that have access to the full traffic state and know the model. Finally, in Section 5, we conclude.

2. Front-tracking transition system model

In this section we introduce the FTSM. The use of the model is first motivated through an illustrative example, followed by a
description of the FTSM and its properties. An overview of the most important notation is given in Table 1. For succinctness, the
background about the front-tracking method, upon which the model is based, is given in Appendix A, and the full definition and
implementation of the FTSM is given in Appendix B, together with proofs of the theorems given in this section in Appendix C.

2.1. Motivating example

Consider an example consisting of a homogeneous stretch of road, with no on- and off-ramps, and with a single CAV upstream
of a single stop-and-go wave, as illustrated in Fig. 1. We are interested in modelling the evolution of the traffic state, assuming the
CAV moves at piecewise constant speed (i.e., acceleration and deceleration happens instantly) not faster than the rest of the traffic
around it, and the stop-and-go wave propagates upstream at a constant speed. This situation can be described using the LWR model
with a space-dependent flux function and a bound on the upstream propagation speed of the rarefaction wave.
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The LWR model (James Lighthill and Beresford Whitham, 1955; Richards, 1956) is a first-order scalar hyperbolic conservation
law given by the partial differential equation

dp(x,1) + dq(x,t)
ot ox

where 7 is the time, x the position, the conserved quantity p(x, ) is the traffic density, and g(x,?) is the traffic flow. The traffic flow
q(x,1) is given according to the flux function, or fundamental diagram,

q(x, 1) = Q(p(x,1), X, 1),

depending on the traffic density, but also possibly on x and ¢, differently from the standard LWR formulation. We assume that the
initial condition p(x,0) is piecewise constant,

=0, (€9)]

P
P1s x < x|

p(x,0) =1 p;, xf_l <x<x! (2)

)
PNyl X > Xy,

and the space-dependent flux function Q(p, x, ) is given piecewise, by

01,  x<xPw,
00p.x.=10,(p.  x2 () <x<xP(), ®

Opnoyi(p), x> x]QVQ(t).

Here x?(t) are piecewise linear and continuous functions, :‘c?(t) = A?(t), with piecewise constant A].Q(t), and x?(t) < x; +1(t)
Effectively, the space is divided into zones [xj.Qfl(t), ij(t)] where the dynamics of the traffic are described by different flux functions
0 = 0;(p(x,1), e.g., zones where the road has different numbers of lanes. We assume each flux function Q (), j=1..,N Q isa

piecewise linear continuous function of the form

Viap, 0<p<oj,,
Qi(o; )+ Vja2(p—o0;), gj1<p=Zo
0;(p) = Qj(aj,i—l)+I/j,i(p_o-j,i—l)7 0ji-1 <P=0j; 4

Qj( )+ Jm( _O'j,mj), O'jm.<P§5j,mj+1y

07 p>o0 m+1’

with Q j(gj,mj) + Vm, (GJF’"/ 41—0 j,mj) = 0. We denote values of Q; at the breakpoints ‘17,1' =0Q;(0; ), the set of breakpoints

ZQ/ = {aj,l,“.,aj,mj“},

and the set of slopes between the breakpoints as
Vo = (Vo Vi 1

The minimum and maximum slopes are V"“n = min {VQ } and Vmax = max {VQ , respectively. Note that the maximum traffic
speed v'"“" need not be the same as the max1murn slope, v m‘fx = max q7,/0j; < V‘““", although in practice, most flux functions are
concave for p €0, aga"], where og“" = argmax, Q;(p). The set of all functlons Q that satisfy these requirements is denoted Q.
Assuming this form of flux functions allows us to handle simple flux functions, such as the popular triangular flux function, but also
to approximately handle generic smooth flux functions, such as Greenshields’ flux function. In the example depicted in Fig. 1, the
background traffic would be described by some flux function Q,(p), and the traffic flowing past the slow-moving CAV with position
x¢(t) and length /. can, e.g., be described by a scaled-down version of the flux function Q;(p) = %QO(Zp), yielding Q(p, x,1) = Q:(p)
for x.(t) — l: < x < xg(t), and Q(p,x,t) = Qqy(p) elsewhere. The simplest (triangular) form of flux functions Qy(p) and Q.(p) are
shown in Fig. 2 on the left. Note that the triangular flux function was used here for its simplicity, and a more generic continuous
piecewise-linear flux function will be used later.

Depending on the shape of the flux function, the solution defined by this model may contain parts that do not reflect
the real-world traffic behaviour and phenomena, e.g., stop-and-go waves, caused by the difference between deceleration when
entering congestion, and acceleration when leaving it. Since the stop-and-go wave propagation speed is empirically observed to be
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Fig. 2. An example of the evolution of p(x,?) (centre), its hybrid representation (right) for the motivating example illustrated in Fig. 1, and the flux functions
used therein (left). The evolution of the traffic density profile is colour-coded, with higher density corresponding to warmer colours. There is a slow-moving CAV
restricting the traffic flow, represented by flux function Q, and its downstream end is shown in red. At 7 =0, the initial condition is given by p°. Immediately at
t = 0+, there is a jump, a zone of congestion p, starts forming upstream of the platoon, a zone of lower traffic density og, starts forming downstream of it, and

the discharging flow of the stop-and-go wave causes a zone of density p, to form. Note that the propagation speed of the stop-and-go wave W_ is lower than
the slope of the congested part of flux function Q,, as shown on the left, meaning that p, will depend on its traffic density p,,, and q;l, < qgu. Two more jumps
occur at r =1 and r = 1", when two fronts collide, and p' is updated accordingly. After the stop-and-go dissipates at r = 1", CAV ¢ accelerates and starts moving
at the speed of the traffic around it. Between the jumps, the fronts move at constant speeds. The moment illustrated in Fig. 1 approximately corresponds to the
traffic state at t = 1y, with p; = p; = py, P, = p, p3 = ps = af, ps = py, and pg = p,,. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

approximately constant (Schonhof and Helbing, 2007), we can model them by enforcing a bound on how quickly the downstream
end of the stop-and-go wave can propagate. This is achieved by specifying the upstream propagation speed bound for rarefaction,
denoted W_, which is set to the empirically observed propagation speed of stop-and-go waves.

The front-tracking method for numerically finding solutions to PDEs, upon which the proposed model is based, is described in
Appendix A. This method corresponds to starting with piecewise constant initial conditions p(x,0), assuming piecewise linear flux
functions, and then solving a sequence of Riemann problems which describe the behaviour of p(x, ) around its discontinuities and
discontinuities in Q(p, x, t). These discontinuities in p(x, ) and Q(p, x, ) are known as fronts, and the resulting solution p(x, ) will be
piecewise constant for each 7, consisting of periods when the fronts move at constant speeds. The number and speed of these fronts
only changes when two of the fronts collide, or if there is an exogenous change in the system. An example of the solutions thus
obtained is shown in Fig. 2 in the middle.

Note that since p(x, ) is piecewise constant for all ¢, it is unequivocally defined by a vector of front positions z' and a vector
of traffic densities between them p’. These vectors exhibit distinctly hybrid behaviour, with flow dynamics corresponding to fronts
propagating on the road, i.e., changing all elements of z’ at constant rates, and jump dynamics corresponding to changes in o' and
z! due to front collisions or exogenous changes to the system. An example of the jump dynamics of p' is shown in Fig. 2 on the
right.

2.2. Model description

Here we present the general structure and properties of the FTSM, with the details about the implementation of the model
deferred to Appendix B. We follow the transition system formulation given in Tabuada (2009), and define the FTSM as the execution
of the transition system given by the quadruple (X, X, U", —), which describes the evolution of the front-tracking solution to the
considered problem. The model described herein is geared towards the traffic scenario exemplified in the previous subsection.
Namely, in the remainder of this work, we assume that the road segment under consideration is homogeneous and without on- and
off-ramps, that the CAVs affect the rest of the traffic by acting as moving bottlenecks, and that the downstream front of stop-and-go
waves propagates upstream at constant speed. Extensions of the FTSM that allow it to capture some more general traffic conditions
will be discussed in future work.

The set of states X = (n,t, Z, p, 0, W) is composed of:

* Number of active fronts: n € N, n < n,
* Time: 1 € Ry,

max

+ Front positions: Z € R"mx, z; <z, fori=1,...,n
Amax+1
>0

» Flux functions: O € Q"mx*1 where Q is a set of flux functions
+ Front speed bounds: W € R*.

« Traffic densities: p € R

The four front speed bounds are written together as W = (W_, W,, W., W;), with W. < W,, and W. < W,. Each flux function can
be described by a quintuple g = (V, X, A%, ¢, F), consisting of:

+ Slopes and breakpoints: (V,X) € L
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+ Boundary speeds: A* € R?
+ Identifier: £ € Z
» Forced density: F € Ru {Q},

where the set of feasible slopes and breakpoints is
1. .
£={V€R",’Z€RZ’8’ L01<0 < <Opypsn Gy, 200 =1 mg]y L= 0},
qal:Vlah qai:qz)yi_l+V[(¢7, —0,_1),i=2,...,m+1,

without any further constraints on the shape of the flux function. As the number of breakpoints of flux functions increases, we are
able to more closely approximate any generic (possibly even non-concave) flux function, at the cost of increased computational
complexity, but preserving the general form of the model. Note that in spite of its generality, the model does not sacrifice
computational efficiency when dealing with simple flux functions, such as the triangular one. The states of the FTSM are exemplified
in Fig. 1.

We denote the traffic flow, given traffic density p, as ¢ = Q..(p) and calculate it as like Q;(p) in (4), with V}; and ¢;; given in V
and X, respectively. Boundary speeds A* = (A~, A*) represent the propagation speed of the upstream and downstream boundary
of the region of Q,. The identifier ¢ differentiates flux functions, and is unique for each flux function. We also use it to define the
precedence when determining the propagation speed of the boundary between regions with different flux functions. Namely, at a
boundary between flux functions Q; # Q,,, the propagation speed is given by

A= {A;: &> &

AL 6 <&
We define the active fronts and densities
T | _
z= [z] z,,] =[ I, Opppmax_y, ]Z
T | _
pP= [pl pn+1] = [ ln+l , q:)n+1><nm"”‘—n ]ﬂ,

to be all the states required to reconstruct the full traffic density profile p(x, 7). The maximum number of fronts n,, can be taken large
enough so that the number of active fronts never exceeds it, but effectively, the dimension of active states will vary as a part of the
model  dynamics.  Furthermore, only the active fronts and densities, along with flux functions
o=J0, ...0, H]T =[ Iy | Opixn—n | O, will influence the behaviour of the system, so when describing the transitions, we
only define their updates, and the inactive states may take arbitrary values.

Given the current state X € X of the transition system, the density function p(x, r) describing the current state of the system can

be reconstructed based on zi, ..., z, and p, ..., p, 1t

P1s x <z,
p(x,1) =14p;, z_ <x<z

Pntls X > Zy.

Note the abuse of notation as we use p(x, ) for the reconstructed function, and p= [pl e Py +I]Tfor the vector of traffic densities.

The set of initial states X, can be the same as the set of all states. Inputs to the system U describe the passage of time and
exogenous transitions. The evolution of the system state is described by defining the various transitions that arise in the process of
calculating the solution. Here we only give a short description of what each of the transitions does, and the full definition is deferred
to Appendix B. The transitions are listed in order of increasing priority, i.e., we first present the transitions that can only be taken
if no other transition can be taken, and end with transitions which do not depend on the state of the system, only on exogenous
inputs. The required transitions are: passage of time z(¢.,4), front interaction —;, internal Riemann transition ~;, boundary Riemann
transition /;, state forcing !;, state insertion v(p,, x,);, and flux function transition Q(q, i, j). All these transitions are illustrated in
Fig. 3, as well as shown in the example in Fig. 2.

The first transition, passage of time, describes the propagation of fronts,

(, Z)M (7.7),

between their interactions, or until the externally provided goal time t,,4. Traffic densities p, number of active states n and flux
functions Q do not change in these transitions, and only the front positions of active states (i = 1, ...,n) are changed.

The front interaction transition describes what happens when two fronts collide, i.e., if the positions of these two fronts becomes
equal, z; = z;,; while their distance is decreasing, 4, > 4,,,

(n.z,p.0)— (n.2.0.0").
This transition corresponds to simply deactivating one state, with n’ =n — 1.
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p°=[p1 p3 psips po]st >t pO=lprip2ipz ]t >t
7(tend)
7(t. T
P4 T ( end) p — p1'ﬂ2'p2 p1]Tt—t'
p*=lp1 p3 psips pallst=t' e o
1 /2 p 1] t=t
-t =[m ps*pa]Tt—t = o
” P ) =lprip1ip]Lt=t'
* p*=Ip1 p3 P2'92] o<t<t TQ(Q*J 2)
(t p 2=[p1 p1 Pl] t=t'
P T ‘ end) (wV)O,
po p'=(p1 p3 p2|pa],t=0 P —[Pll 0<t<t
0 0 ad! T(tend)
T

pP=1[p1 p2ip2]’,t=0 pO=[p1],t=0

(a) Transitions 7(tend), —i, ~, and /;. Area downstream of the  (b) Transitions 7(tend), V(zv)i, Q(Qo,%,7), L, and /;. The
dashed red line is modelled by a different flux function (Q-, with  dashed red line indicates the infinitesimally narrow zone de-
lower capacity) from the area upstream (Q). scribed by flux function Q. with state forced to Fi = pa.

Fig. 3. Illustration of the transitions used in the FTSM. Traffic density profiles are shown colour-coded, and the transition system path (only p and ) and
transitions are shown to the right of them.

Internal Riemann transition results from solutions to Riemann problem with the same flux function on both sides of the
discontinuity, and can be described by

(n,2.0,0)—> (n'.2',p'.Q")

Depending on p; and p,, |, the number of active states can decrease (if p; = p;, ), increase, or stay the same. Note that the solution
to the basic LWR model can entirely be modelled by the three hitherto described transitions.
Next, the boundary Riemann transition can occur at interfaces between zones with different flux functions, and is given by

1,20, Q) (2, 4,0') .

Here, densities p! = p/(p;, pi11,Q;, Qiy1) and p, = p', (p;, p;11,Q; Qi) are obtained by maximizing the flow over the flux functions
boundary, subject to entropy conditions in the interiors on both sides of the discontinuity.

We use the forced density F and the state forcing transition to potentially enforce internal boundary constraints, with F; # @
signifying that the traffic density in the zones described by Q; must be p; = F;, and F; = @ signifying that the traffic density in said
zone is not forced, and can evolve according to the other hitherto described transitions. The transition is given by

1.
o
n— ().
The two exogenous transitions can be taken for any X € X given the appropriate external input, are state insertion and the flux
function transition. State insertion consists of adding two fronts at position x,, downstream of front i, with z; < x, <z,

V(xy);

(n,z,p,0)0—— (0'.2.0.Q0'),
whereas flux function transition covers changes in flux functions in specific areas,

© Q(Qg.iv) ).

The potential for using CAVs as both traffic sensors and actuators makes them important for future traffic control systems. We
describe how both these roles of CAVs can be modelled in the FTSM framework. We represent adding a CAV to the model, with
identifier ¢ at position x, and moving at speed u, by first taking a transition v(x;);_, which creates two fronts downstream of front
i,z <xg<z 4, followed by taking a transition Q(Q;,i_+ 1,i_+2), with Q; = (Vé %, (ug,ué) L&, Fg). The choice of V;, =, and F;
depends on the role that the CAV has. The identifier corresponding to each CAV is greater than the identifier of the flux function
describing the background traffic.

A CAV ¢ acting as a sensor communicates its local measurements of traffic density j;, and traffic speed o, from which we get
de = Pl In case CAV ¢ is moving slower than the surrounding traffic, u; < v;,, we measure the overtaking flow @,. In general,
the values that are directly related to measurements are denoted by caron (). We model CAV ¢ acting as an actuator by setting
its reference speed u;, which determines their actual speed A? together with the speed of the traffic immediately downstream of it

Uty
A? = min {ug, vg, }, i
Ve = Qi (i, )/ P s ©
[§+ = mini, s.t. Z; > X§, Q,‘ # Q.§~ (7)

Note that both its reference speed u; and the speed of traffic downstream of it v, are piecewise constant, i.e., CAV ¢ instantly
adjusts its speed in response to a change in reference speed or traffic conditions according to (5). A vehicle moving slower than the

218



M. Ci¢i¢ and K.H. Johansson Transportation Research Part B 166 (2022) 212-236

. .. State reconstruction, measurements
control actions | Prediction-based

4— model learning, and
control law

prediction model ‘1
>

Fig. 4. Closed-loop system structure. Local traffic measurements are collected by the CAVs and sent to the infrastructure, where traffic state reconstruction and
model learning is implemented. Based on the current state estimate, control actions for the CAVs are calculated using the learned predictions model.

rest of the traffic acts as a moving bottleneck, limiting the overtaking flow, which we may use for traffic control. We model the
effect a CAV acting as a moving bottleneck has on the rest of the traffic by using V; and X in the shape of a bottleneck diagram.

Finally, we study the properties of the solutions to the FTSM, and how they correspond to the wave-speed-bounded solutions
of the LWR with piecewise linear flux functions and piecewise constant initial conditions. The results are stated in the following
theorems, with proofs given in Appendix C.

Theorem 1. Let X, be the initial state of the FTSM with t = 0. Consider the zone between two flux function boundaries [z* (1), z; ()],
described by flux function Q*, and assume that for 0 <t < T, T > 0: z* (t) < z%(t), boundary conditions p;- ,, and Piz (+1 are constant, and
fronts from outside of [z* (1), z%,(1)] do not collide with z* (1) or zZ (t). Then p(x,t"), x € [z*('), 2% ()], given by X’ with t = ¢’ is the unique
wave-speed-bounded solution of the corresponding LWR model with initial conditions p(x,0), x € [z*(0), 23 (0)], given by Xy, for0<t <T,
T > 0, and its Total Variation T.V.(p(-,t")) and number of active fronts is nonincreasing in t'.

This theorem establishes correspondence between the solutions of the FTSM and the appropriate LWR model within zones where
the flux functions are homogeneous. It also holds if all flux functions Q; are identical, in which case [z* (¥), z} ()] corresponds to the
entire space. In case the wave-speed bounds are such that the entropy solution is identical to the wave-speed-bounded solution, this
theorem corresponds to Corollary 2.8 in Holden and Henrik Risebro (2015), for constant boundary conditions and inside a zone
where the flux function is homogeneous. Furthermore, since the number of active fronts is nonincreasing in time, the numerical
complexity of evaluating the FTSM is also nonincreasing with time, which results in diminishing increases in computational burden
as the prediction horizon increases in case the model is used to predict the evolution of the traffic.

Finally, the solution of the FTSM is shown to exist and be well-defined, in particular, to be devoid of Zeno behaviour, ensuring
that the execution of the FTSM indeed proceeds until the desired time We define Zeno behaviour as the existence of a solution with
an infinite series of transitions that are not passage of time X X owith 1 < g4, £ <7
Theorem 2. There exists a unique, non-Zeno solution to the FTSM, with initial state X, and a finite number of exogenous transitions, that
defines a unique wave-speed-bounded solution of the LWR (1), p(x, t), with corresponding: piecewise constant initial conditions (2), piecewise
defined spacetime-dependent flux function (3) with each spatiotemporal zone defined by a continuous piecewise linear flux functions (4) and
boundaries between zones described by different flux functions (4) propagating at constant speeds, and exogenous transitions.

Note that here we only state the quantities of the FTSM, whereas the rigorous discussion of the nature of wave-speed-bounded
solutions of the considered form of the LWR model is left to future work. As discussed in Appendix A, in the case studied in this
paper, the wave-speed-bounded solutions and flux function boundary solutions exist and are unique. These solutions may cause an
increase in the total variation of p(x, t), but assuming a finite number of exogenous transitions, this increase is bounded.

In summary, the FTSM consists of a transition system which describes the process of finding solutions to the LWR model with
space-dependent flux functions and front speed bounds. It can handle any piecewise linear flux function, and yields exact wave-
speed-bounded solutions, as defined in Appendix A. As outlined in Mazaré et al. (2011), due to the event-based nature of the
front-tracking method, the computation time will strongly depend on the particular traffic situation. In case there is a large number
of fronts, and flux functions have a large number of breakpoints, the computation time for the exact solution can be high. Since we
typically rely on noisy measurements, uncertain flux functions, and simplifications of more complex underlying models, calculating
an exact solution is fruitless in practice. Therefore it is advantageous to introduce some level of approximation in order to lower
the computational burden, without sacrificing too much performance.

3. Reconstruction-based stop-and-go wave dissipation control
With increasing numbers of CAVs entering the roads, traffic control with CAVs used as both sensors and actuators, as outlined in
Fig. 4, is becoming feasible. We assume that CAVs can collect and communicate local traffic measurements, and that their reference

speed can be used as control inputs and set from the infrastructure. These measurements of traffic density, speed, and overtaking
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Fig. 5. Data flows for reconstruction-based control for stop-and-go wave dissipation, using the FTSM with learned model components for traffic state reconstruction
and prediction. The control actions are calculated based on the predicted evolution of the traffic.

flow could be acquired using on-board sensors required for CAV situation awareness, or possibly estimated based on the speed of
the CAV in case it is acting as a floating car, and we use them to reconstruct the traffic state, as well as to identify the flux function,
moving bottleneck diagram, and stop-and-go wave speed. The traffic model thus learned is used to predict the evolution of the
traffic state based on the chosen control actions for all CAVs, and based on these predictions, we are able to calculate the control
actions. We use the CAVs acting as controlled moving bottlenecks to dissipate stop-and-go waves in order to minimize the Total
Time Spent of all vehicles.

We adopt the same assumptions as in Section 2, i.e., that the considered stretch of road is homogeneous and can be described
by a single flux function Q. The FTSM used for traffic state reconstruction and prediction is initialized at some start time * = 0 to

x0= (,10’ t()’ ZO, ,00, QO, WO) — (0’ 0,4, pavg’ QO, WO),
0°=0,=(V" 2° A=0&0 FO) =([0], [/™*] . (0.0),0.9).

with constant initial traffic density p° using the overall average density known from historical data, wave-speed bounds W such
that all wave-speeds are allowed, and p™** chosen large enough so that the traffic density will never exceed it. The flux functions,
including front speed bounds, and traffic state reconstruction are updated as new measurements become available, according to the
algorithms described in what follows.

We first propose algorithms that can be used to identify each aspect of the traffic model (flux function of the road Q, flux
function of the CAVs acting as moving bottlenecks Q, and wave speed bound W. used to model stop-and-go waves), using only
local measurements of traffic density f, traffic flow ci%, and overtaking flow &; provided by the CAVs ¢. The proposed algorithms
exploit the continuous piecewise linear structure of the flux functions to simplify calculations and avoid making assumptions about
their shape. Indeed the only assumption made is that the dynamics of the traffic can, at least approximately, be described as a
first-order conservation law, ignoring the dynamics of the traffic speed. Then, assuming that all flux functions and other parameters
of the traffic model are known, we describe how local traffic density measurements j; can be used to reconstruct the traffic state,
which will later be used to calculate control actions. Finally, we present a control law that uses the FTSM as the prediction model,
along with the proposed traffic state reconstruction and model learning algorithms, as well as some simplified control laws which
use more information and are used as benchmarks. The general flow of data, from CAV trajectories x(7), current CAV speed A?(t),
and current measurements j;(?), §; (), and @,(?), to control action updates u.(t+), is shown in Fig. 5, and the remainder of this section
broadly reflects its structure.

3.1. Learning the traffic flux function Q,,

Consider a CAV ¢ travelling through a road segment described by flux function Q,, and let its reference speed be u; > ”SEX'
Then the actual speed of the CAV depends only on the speed of the traffic immediately downstream of it, and does not influence
the surrounding traffic, so AEi = ;, where U; denotes the local measurement of the traffic speed collected by CAV ¢&. Since the CAV
is following the flow of the traffic, we have the measured overtaking flow & = 0, and the measurement of the traffic flow ¢, should
be consistent with the flux function, Qy(5;) ~ g;-

We propose a stream processing event-triggered method for on-line flux function update, summarized in Algorithm 1, where
operator avg denotes finding the average value, and operator # the number of elements of some set. Let =, be the set of CAVs
collecting measurements about the flux function Q,. If, for any CAV ¢, the deviation of the measured traffic flow §. from the
modelled traffic flow based on the measured traffic density Qy(j;) is greater than some margin B,, we update the flux function
based on the measurement. Choosing higher B, reduces the update frequency and sensitivity to measurement noise, at the cost of
higher model error. Instead of using all the collected data, the set of measurements which we use for flux function fitting ( Z)Q(kqQU)
consists only of the measurements that trigger a flux function update.

First, we add the (f;,§:) for which |Q0(ﬁ§) - zjg) > B, to ( p20,4%). Next, if the flux function already has any breakpoints close
to the measurement, La,- - ﬁf) < B,, they will be replaced by a new breakpoint; otherwise a new breakpoint is added without moving
any of the other breakpoints. Choosing higher B, decreases the number of breakpoints in flux function Q,, at the cost of potentially
increasing the frequency of updates and higher model error. The new breakpoint ¢’ and its flux Q(c¢’) are taken as the average
values of all measurements from ( Z)QU,Z]QU) that are close to the new measurement, (ﬁ?”’Bi (1?"'8”) = {(p, IE p0 (1@0): ‘ p— ﬁ§| < B[,}.
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We therefore add the new breakpoint ¢’ to 2, and recalculate Vy, so that we have Q(¢') = ¢, where ¢’ is the average of pQO °

and ¢’ the average of q?“ . The updated ZQ() and VQ(/] are given by

T
— . / ‘ .
ZQ{)_[ o1 - Oi c , Cig. = Om ] s

;
I I
VQ6=[ Vi Vil VI VIV o Y, ] ,
. maxis.t.o; € Xg,0; < ps — B;, 61 2 ps — B,
ie =
o, o1 <z = By
ig,=mini s.t.o; € Xy ,0; > js + B,

V,_ql—Qo(O' ) Ve Qo(O',:+ ,
7 o' =0, T,

where the first blocks of ZQ/ and VQI are empty if iz = 0, and the third block of VQ/ is empty if i, = m. We also need to ensure
by suitable selection of initial 0y that 6, > ™™ — B, i.e., the final breakpoint of Q, is never moved.

Finally, in order to accelerate the adaptation of Q, to potentially new condition on the road, we may choose to always calculate
the breakpoint densities and flows using at most the By, most relevant measurements. Then, if after adding the new measurement to
( po, (1Q0) we have #i)Q" “> By, i.e., the number of measurements close to j; is higher than By, we may remove the measurement
that differs from the new measurement (j;,§:) the most.

3.2. Learning the moving bottleneck flux function Q,

Consider again a CAV ¢ travelling through a road segment described by flux function Q,, with reference speed that is lower than
the measured speed of the surrounding traffic, u; < ;. Then the CAV follows its reference speed, A? = u;, the measured overtaking
flow is @ > 0, and the presence of the slow moving vehicle affects the behaviour of the surrounding traffic. We aim to model this
inﬂuence'by using a different flux function Q, at the position of the CAV, with A? = u;. We need the measurement to satisfy

(Vp20) Oy(p) <& + pA%,

. : (€))
(B 20) Qslp) = d¢ + pA,

i.e., the line &, + A?p should be tangent to Q:(p).

If the conditions (8) are violated by more than some margin B,,, we update flux function Q, according to the proposed Algorithm
2 so that (8) holds. Choosing a higher B,, decreases the frequency of updates of O, and sensitivity to measurement noise, but increases
the model error. We first calculate the maximum overtaking flow a)g"“" that Q; allows in case the boundary speed is Ai which is
achieved for traffic density 6,0 , O max Qg(ﬁw) - A+Gw Since Q; is piecewise linear, we only need to search for a? w1th1n the set
of its breakpoints 2o, Then, if w"““‘ > @ + B the current flux function Q. admits a higher overtaking flow than the measured

Algorithm 1: Learning the traffic flux function Q, using measurements from CAVs travelling with the flow

input : Flux function Q, defined by V,, and X, , set of used measurements (ﬁQO, éQO), new measurements (f, g:)
output: Updated flux function Q, defined by updated V, and X, , updated set of used measurements (p%,G%)
for £ € Z0, do

if ‘Qo(pf) - qf‘ > B, then

Add (5. 0;) to (5%.4);

Remove from 2, all {UEEQO ‘ ﬁ5‘<B }

Find (37072 )={(0. (520G ): o |<B, }:
Add o’ = dVgﬁQU 10 25
Recalculate V,,, so that Qy/(c ,)=anqu o
if #“Q” ° > By then »

2 2
Remove from (20, %) measurements (p,q)=arg max (ﬂ - 1) + <$ - 1)
(o q)e( <00 Ba vQO Ba) de

end

end
end
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one, so we proceed to update it with
| | T
ZQQ = [ O . O, 0. 0L O ... Oy ] s
I + I T
Vo, = [ Vi Vi AE VL, ] ,
o.=minp > 0 s.t. Qs(p) = Ap+w§
o, =maxp 2 0s.t. Q:(p) = Agp+ (o
maxi s.t. o; € ZanGi <o, 0y 20,
0, o <o,
igy =minis.t. o; € 20:50i > 04,

where the first block of ZQ/ is empty if i;_ = 0. Otherwise, if co?““ @ —
flow than the measured one, so we proceed to update it with

T
- ;o
V,:[V VoV V! Vi, ... V],
QE 1 i I‘ + t5+2 m
v + v +
w§+AgTO',-g)—Q€(O'[-?_1) Qg(ai?,)—wﬁ—Agai?
V= —., V)= -,
Ojv — 00| Oio4 — 0@
¢ & & ¢

where if i = 1, we take Oy = 0, and the first block of ¥, is empty.
¢ ¢ £

w’
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the current flux function 0; admits a lower overtaking

Algorithm 2: Learning the moving bottleneck flux function Q. using measurements of overtaking flow

input : Flux function Q; defined by Vo. and X,,, CAV speed A+ overtaking flow measurement @,

output: Updated flux function Q, defined by updated VQ and ZQz
Find W = = MaX,ex,, Q:(0) - Aza = Qg(a,.?) A‘5 o;

if wg‘“" > & + B,, then

Find 6. = minp > 0 s.t. Qz(p) = A?p + @, and o, = max p > 0 s.t. Qs(p) =

Remove from X, all {a €2p, 0. <0< o‘+};

Add {o_,0,} to ZQE;

Recalculate Vo, 50 that Qé(p) =@ + A?p, _<p=<oy
else if o™ <ag - B, then

Recalculate Vo.» s0 that Qé(ﬂxg’) =g+ A?gi(; ;

end

Algorithm 3: Learning the front speed bounds W using traffic density and flow measurements

input : Front speed bounds W, sets of used front speed measurements &"-

measurements (. o q’) f

output: Updated front speed bounds W, updated sets of used front speed measurements @

for £ € = do
e x G P oF; < 917
lflpg—p5|>B u§>V,u§>ﬁ‘,§, ZQO;E Pe Py then
. . 7.—d
F1ndw§:f—f;
Pe—Pe
v W ap v o
w’-, 1fp§>p5,w5> VQ1
7 Pe 7y
w"+, ifp >ﬁ’,u“)< V
Add i, to{ £ e
VW . o o~
w'-, 1fp5<p§,w5> VQ1
W [ o~ Pe P
'+ lfp§<p/§,w5< 51/'5

Recalculate all W for which &= # 0 so that W, = avgsz
end

end

+, previous measurements (pg qf), new

W
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3.3. Learning the front speed bounds W

Finally, we use the traffic density and speed measurements of the CAVs to learn the front speed bounds W. We detect the
influence of front speed bounds upon a change in the measurements of some CAV ¢ as it enters a zone of different traffic density,
when | ﬁ; - Pe| > B,, where p, is the old traffic density measurement, and /. the new one. If the CAV ¢ is travelling with the traffic
flow without affecting it (us > 0; and ug > D;), then according to the flux function that describes the traffic flow Q,, the solution to

. . . - . Y A -
the Riemann problem between these two traffic densities should include zones of traffic density 7 5 * | i.e., the transition from Pe

Qy’
to ﬁé should happen along an upper concave envelope of Q if j; > ﬁ:t, or over a lower convex envelope of Q if j; < ﬁ’g (discussed

. - . A . L . .
in the Appendix in Appendix A.1). Therefore, if 7 2, #12 ﬁ’é]T, we infer that the reason for this discrepancy is the limit on front
speeds, which we use to estimate W = (W_ W+, W, W+), as outlined in Algorithm 3.
G, —d, - . . .
We denote the front speed based on these measurements w, = %. If % Zan # [Pe ﬁé]T, this front speed offers information
- e - .
about one front speed bound: W, or W, depending on whether j; < ﬁ; or g > ﬁ’g, respectively, and W_. or W,_ depending on

M ’

5o P 5o P . - .
whether w, > % VQZ | or wy <% VQE |» respectively. Finally, we calculate those front speed bounds for which we have at least one

such measurement as the average over the whole set, W, = avgin"x.
3.4. Traffic state reconstruction

Finally, we use the local measurements of traffic density j;, £ € =, where ¢ denotes the CAV that collected the measurement, to
reconstruct the traffic state. We force the reconstructed traffic density in the FTSM to be equal to the measured one at the position
of the CAV ¢, by setting F; = ;. If the flux functions of all road segments are known, the influence of these measurements spreads
to the rest of the space over time.

We update the traffic state in an event-based manner at some time ' when

1. a new CAV enters the road,
2. the difference between the current traffic density measurement of some CAV j
exceeds some bound, | ﬁé* — F| > B,, or

!

e and the previous forced traffic density Fp.,

3. before predicting the traffic state evolution.

If the state X was last updated at time ¢, we may calculate the current state X’ at time ¢’ by chaining transitions unt/il the current
time becomes . During this update, the CAVs are described by their forced densities F;, and boundary speeds A:f = w, which
ensure that the positions of the CAVs in X’ correspond to their real positions on the road x.(¢'). If the state update was caused by
the entry of a new CAV, we assign a new unique identifier £* > max £ to it, where = is the set of identifiers of all CAVs that were
on the road before the new arrival. The newly arrived CAV &* is then added to set =/ = Zu{&*}, and added to the model at position
X ("), with forced traffic density set to F’X = ﬁé*. Otherwise, if the state update was caused by a large deviation of the currently
measured traffic density ﬁ;* from F., we update its forced traffic density to F’ = ﬁ’;* once the state reaches &’. The process then
repeats at the next update time . We can influence the frequency of updates by choosing a higher B,, which also decreases the
sensitivity to measurement noise, but may yield a higher state reconstruction error.

3.5. Stop-and-go wave dissipation control

We use the proposed model and learning algorithms for traffic state reconstruction and model learning to tackle the control
problem of stop-and-go wave dissipation. At every time instant ¢, we consider some number of present CAVs ¢ € =(f) and stop-
and-go waves y € ¥(t), and these numbers will change over time as new CAVs leave the road segment and new ones enter it, and
as stop-and-go waves get dissipated and new ones appear. The control action of CAV ¢ is its reference speed, u:(1) € [u"‘i",u“‘a"].
In practice, the only restriction on the reference speed is the minimum speed u:(t) > ™", as the maximum speed of the CAV
will be dictated by the speed of the surrounding traffic, A7 < v;,. The proposed control laws follow the idea used in Cicié et al.
(2020a). Once the presence of stop-and-go waves is detected, we use the CAVs as moving bottlenecks to restrict the inflow to them,
accelerating their dissipation. All control laws use a prediction model to calculate the maximum speed at which the CAVs can drive
while still avoiding entering any stop-and-go waves. The predictions and reference speeds of all CAVs are calculated at every time
instant and applied as control actions if they satisfy the speed restrictions. Four cases of reconstruction-based control are considered:

(1) (FI) control with full access to the information about both the traffic state and traffic model,

(2) (EM) control using the actual traffic state but without considering the variation in the traffic model,

(3) (RS) control using the actual traffic model and reconstructed traffic density, and

(4) (FT) prediction-based control using the FTSM for traffic state reconstruction, model learning, and prediction.

The first three cases are used as benchmarks for comparison, using additional information about the traffic dynamics, the current
traffic state, or both.
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3.5.1. Full-information control (FI)
The number of vehicles in the zone of interest, between the CAV ¢ and the stop-and-go wave it is dissipating y, evolves according
to

Ne(t) = wg(1) - @y, (1),
;1) = Q(p{(1) — ug (L0,
— d\_ 1 d
@y ()= 00lp, )= Wop, -
where (1) is the traffic flow overtaking the moving bottleneck, pd(t) is the traffic density of the overtaking flow dependent on

ug(1), and w,, (t) is the discharging flow from the stop-and-go wave. Slnce W._ < 0 is assumed to be constant, the discharging traffic
density is also constant pd depending only on the traffic density of the stop-and-go wave p . Likewise, assuming u;(f) < v, (1), the
distance between these two borders of the zone follows

dé(t) = —us(0).

Given the initial number of vehicles N(r) and distance d:(r), we readily get the times after which the number of vehicles in the
zone and the distance become zero,

Ne(1)

(0= 1 o IR ©)
’ Qolp; (1) — ug(D)p (1) = QO(EW) + W"—’w;
d
() = _%0 (10)
w_ - Mg(t)

In order for the stop-and- go wave Ve to be dissipated before CAV ¢ reaches it, we need to ensure that N, (1) =0, d:(t;) > 0 at some
time 7; > 1, i.e., r"(t) <t (t), which is achieved with minimum disruption to the rest of the traffic if TN @) = rd (t). We simplify the

calculation of ué(t) by approx1mat1ng pd(t) ~ p o where Emax is Bg(t) in case u:(1) = umin 5o substltutmg (9)- (1 0) into rN @) = r“ 3)
yields ) ¢ :

Qo(r5,) = oty )+ W. (/_735 - ggvg(o)

ug(t) = , an

Ay AN
where pavg(t) = N(1)/d,(t) is the average traffic density in the considered zone. If thus calculated u,(t) < u™inwe infer that CAV

& will not be able to dissipate stop-and-go wave y;, and instead apply u.(t) = u™" and use the next CAV upstream to dissipate the
same stop-and-go wave.

3.5.2. Estimated-model control (EM)

In the full-information case, we assumed that both the model and the current traffic density profile are fully known. In reality,
the parameters of the traffic model can change due to varying weather or other conditions, and the traffic density profile has to
be reconstructed using available measurements. If the true model is not known, we calculate the control action using its current
estimates Q, O, and W_, based on which we calculate é?ﬂax and éiﬁ,

002, )= 0o )+ W <gd: - ;_»g“g(r))

us(1) = ~ (12)
AN
—max

When the actual model changes, or if it deviates from the estimated one, the calculated control action can become overly

conservative, leading to superfluous traffic disruption, or overly optimistic, leading to failure to dissipate stop-and-go waves.

3.5.3. Reconstructed-state control (RS)
Conversely, if the traffic density profile is not known, we use the estimated average density é‘;"g(t) instead,

d _ d 7 d _ savg
000 ) Qo(gwé)+W_</_1W¢ 7 (r))

d _ 538y ?
Emax = ()

up(t) = 13)

We use the simple traffic state reconstruction algorithm given in Ci¢i¢ et al. (2020a),
50 = {pi(t)v . i=ilVvi=il(n+1,¢ € EQ),
pit=D+ 7 (G-, t=1D =4 —1), elsewhere,
where Z(¢) is the set of all CAVs that are currently present on the road, and calculate 52V8(¢) based on the reconstructed traffic density
profile j;(¢). Note that since here we assume we can only measure the traffic density at the position of the CAV and immediately

downstream, in this case, we have no information about the congestion that builds up upstream of the CAV, which can lead to
overly optimistic predictions of the traffic state.
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3.5.4. FTSM-based control (FT)

Finally, we employ the proposed FTSM as a prediction model to calculate control actions for all CAVs. Employing the traffic state
reconstruction and model learning algorithms, we acquire the current FTSM state X(r), which includes both the traffic density and
model information. The control actions u.(t), £ € Z(¢), are based on the predicted state X(r+6) with 6 ranging from 0 to the prediction
horizon O, taken long enough that all CAVs are guaranteed to either dissipate or run into stop-and-go waves, © = N L/u™" —W.),
where N L is the length of the considered road segment. During the process of finding 2(t + 9), all traffic densities are unforced
ﬁf = @, and the boundary speeds of all CAVs are set to

i {umiﬂ, Dpy > Ui A 2 1)) 2 6"
ey otherwise,

"‘*I+

where 0;, is given by (6), iz, by (7), and 6* is the minimum traffic density considered as a stop-and-go wave,

o, @V, < W,
s Qo
6" = W R A
max 4 o™, 6. "+, @A)V, < W,
Q  Q
|2 . S A
GQ =6,i=maxjst V,>W_  k=1,...,j
o

Essentially, the CAVs are driven at minimum speed, applying maximum control action, until they run into congestion or there is no
congestion downstream of their location.

Next, for each CAV &, we identify the position and prediction time (E A*) at which the final zone i where j; > é* is dissipated,
i.e., the congestion is dissipated and the CAV no longer needs to apply control action. The prediction time is given in relative
coordinates, compared to the initial time ¢ at which the prediction is calculated. This congestion includes the stop-and-go waves
initially present in the system, as well as potential congestion created in the wake of CAVs downstream of the considered one. If the
CAV ¢ fails to dissipate all congestion, and instead enters congested traffic, o, < u™n we instead set (x* ”*) to the point at which
this happened, and if there was no congestion downstream of CAV ¢ at the beginning of the predlctlon we set (A* A*) = (xz(1),0)
Then, the reference speed u,(?) is set to

umax’

us(t) = ) 4Rk (t)+u'“‘“f-” . 14)
¢ max {u”“", min {um“", # . > 0,

where & denotes the first CAV downstream of CAV ¢. The control action is therefore calculated by first predicting the evolution of
the system under maximum control effort, and then reducing the control effort where possible, based on the prediction.

e
N> >
* EART

4. Numerical evaluations

Finally, we put the control laws described in the previous section to the test in simulations. First we give the simulation model,
followed by presenting the parameters of the simulation setup, and then discuss the simulation results.

4.1. Simulation model

The simulation model used to test the proposed algorithms and control is a variant of Godunov-discretized LWR (1),
T
plt+ D =p0+ (g1 ) = )
(1) = min { D;(®), S; 1 (O}
D,(t) = min {p,.(z), 03:;*} min {U,»(t), max {o, ¥ (min { pi(t). o }) + 5,.(t)} } ,
S;(t) = max {p,(t) o—ma" } min {max {0 V(max {p ), am"" }) + 5,_l(t)} } R

where p;(¢) is the traffic density in cell i = 1,..., N at time ¢, ¢;(r) the traffic flow which depends on the demand of cell i, D;(r),
and supply of cell i + 1, S;,(?). The average speed of each cell is given by the speed—density relation

max 1 4
V(o) = Vg exp <—; <¥> ) (15)
0

with an added normally distributed noise term §;(f) ~ N'(0, 4) that models the stochastic nature of human driving. The flux function
(fundamental diagram) is therefore given by Q\(p) = pV(p). The inflow to the first cell g,(7) is given as an external input, and can
be delayed if the conditions in cell 1 are such that they cannot admit such flow, and the outflow from the final cell ¢ Neent @ will be
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limited by extraneously setting Sy_, .1 (®) in order to generate stop-and-go waves entering the road segment from downstream. We
use reference speed U, (¢), to model the influence of moving bottlenecks and stop-and-go waves, as in Ci¢i¢ et al. (2020a),

Va0 0
P, () — TP,H(T)
U,(t) = V' min< 1, max< 0, 0 ,
! Qo pi(0)
where Uy 41 = VQ"(‘]“ and p;(7) is the reference density.

The reference density p;(r) is set to an arbitrary value higher than the maximum traffic density in the simulation that ensures
U, = Vé“ax everywhere except in the vicinity of moving bottlenecks and stop-and-go waves. There, we use the reference density
of the form

C F__ gt :h
[t , i=0@),....0 0,
N ¢ ) mO-foL
p; (1) /_)k + (Ek £k> —— i=iO,
d S h
gk, l—lk(t)+l,

to model their influence on the rest of the traffic.

We model the influence a moving bottleneck &, whose position is z.(f) and velocity u.(?), by setting ih(t) = [zé(t) / LJ +1 (ih(t)
is the cell where the moving bottleneck is), i 5(1) "(t) — 1. If the moving bottleneck is slower than the traffic surroundlng it,
ug(t) < g ;.(t) / p,g (1), we model its influence by setting a reduced reference density in its vicinity. Densities rd(t) and rC(t) are set to

the solutlons of Qy(p) = Qg (p7) +u:(O(p — p°), 0L (") = us(1), 5(1) < rg(t), i.e., the intersections between the flux function Q,(p) and
the tangent of the scaled flux function Q,.(p) with slope u:(r) (Monache and Goatin., 2014). The flux function Q. (p) is scaled down
by the ratio of lanes not occupied by the moving bottleneck and the total number of lanes. The position of the moving bottlenecks

is updated to z(t + 1) = z;(t) + T min {ql.? (t)/pig ), u;(t)}

A stop-and-go wave k whose downstream end is at z,(¢), is modelled by setting i"(t) = |z (/L] + 1, and i! (t) is the cell where
upstream end of its congestion is. We set p to the maximum congestion level in the wave, and if O (p ) < W where W._ is the
constant negative wave-speed propagatlon bound we reduce the reference in its area. The dlscharglng density p is then given
as Qo(p ) = Qo(p )+ W(p -7 ), p < pC and the position of the downstream end of the stop-and-go propagates backwards to
z, (1 + 1) =z, () + TW Once the level of congestlon of the stop-and-go wave falls to the level where Q’ (p ) > W., the stop-and-go
wave ceases to exist as a separate phenomenon, and if at some part of the road sufficiently dense congestlon arlses, a new stop-and-go
wave is created.

4.2. Simulation setup

The simulations were executed on a 10 km stretch of a two-lane road, which consists of N = 100 cells of length L = 100 m
each. The simulation length is taken to be #.,q = 3 h, and the simulation time step is T = 3 s. The inflow to the road segment
randomly varies in time, changing every minute, and is uniformly distributed g,(t) ~ U°(1450,4350) veh/h. The CAVs arrive with
random time gaps between them, g; = max{y,, 30} s, y; ~ Exp(%). We create the stop-and-go waves, arriving from downstream,
by limiting the maximum outflow at the downstream end of the road segment to 7°(200,400) veh/h for 30 s, causing congestion to
build up. Once this restriction is removed, the congestion starts dissipating, with discharging flow lower than the capacity of the
road, propagating upstream as a stop-and-go wave. The time gap between two generated stop-and-go waves is uniformly distributed
q, ~ U'(360,1080) s (6 to 18 minutes).

In order to demonstrate how control adapts to time-varying traffic model, e.g., due to a change in weather conditions when it
starts raining (Billot et al., 2009), we change the flux function at time 7 = 0.5 h. Both flux function are given by Q,(p) = pV(p), (15),
with parameters a = 2.34, VQ":”‘ = 120 km/h, o-g(‘;“ = 51.1 veh/km, yielding capacity ¢™** = 4000 veh/h, for < 0.5 h, and a = 3.4,
Vé‘(‘)‘”‘ =75 km/h, a‘Q";”‘ = 60.4 veh/km, yielding capacity ¢™** = 3375 veh/h, for ¢+ > 0.5 h. The variance of the additive process noise
of the velocity is in both cases 4 = 16 km?/h?.

The FTSM state reconstruction and model learning algorithms used traffic flow bound B, = 1000, flux function breakpoint bound
B, =20, bound on the maximum number of used data points By, = 10, overtaking flow bound B, = 500, and traffic density bound
B, = 30. Furthermore, all of the measurements were perturbed with multiplicative noise &£ ~ A(1,0.0025).

4.3. Simulation results

We executed 50 simulation runs, comparing the performance of the four described control laws. For each simulation run, six
simulations with the same realization of all random variables were executed, one using each of the control laws, one with no

control, and a benchmark simulation with no stop-and-go waves. The performance metric used was the delay ratio, defined as the

case _: min
percentage increase of Total Time Spent (TTS) compared to the TTS of the benchmark simulation, DR;** = % 100%. For
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Fig. 6. Box plots of delay ratios with different control laws.FI: Full-information (11), EM: Estimated-model (12), RS: Reconstructed-state (13), FT: FTSM-based (14),
NC: No control.

Table 2

Achieved mean and median delay ratios of the different control laws.
Delay ratio [%] FI EM RS FT NC
Mean 2.92 3.44 9.44 8.02 15.69
Median 2.06 3.02 7.45 5.20 14.73

0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9
a[km] 2[km)]

(a) No control (b) Reconstructed-state control

6 T 8 9

0 1 2 3 4

5
2[km]
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(c) Full-information control (d) FTSM-based control

Fig. 7. Detail from the simulations comparing different control cases.

example, DR = 15% indicates that the TTS of that case of simulation run ; was TTS;*® = 1.15- TTS™" i.e., the stop-and-go waves
caused the vehicles to spend 15% more time on the road in total. The results are shown in Fig. 6 and Table 2.

We can see that all control cases achieve significant reduction of delay compared to the uncontrolled case. In particular, control
laws that use full information about the traffic density profile (FI and EM) perform significantly better than those based on state
reconstruction (RS and FT). This is not surprising, since in this case, the control law is able to react as soon as a stop-and-go wave
appears on the road, instead of waiting for one CAV to detect it first. In this case, not knowing the exact model only deteriorated
the control performance slightly (in case of EM compared to FI), since the change in model parameters was not severe.

Reconstructed-state control performs worse than the other control laws, probably due to the fact that it does not correctly capture
the buildup of congestion in the wake of CAVs. Conversely, since the traffic state reconstruction is done model-based in case of the
FTSM-based control, this control law achieves better performance, in spite of using less information. Overall, in spite of being fully
data-driven, this control law is able to dissipate stop-and-go waves and significantly reduce the overall Total Time Spent.
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Fig. 8. Overview of the changes to Q, through time in one simulation run. In 8(a), some updates before 7 = 0.5 when Q, is changed are shown. Density-flow
measurement pairs for 1 < 0.5 are shown as grey dots and the current Q, is shown in dashed black. The estimation of Q, is done based on measurements
(i)Q",qQU), shown as x-es, and newly added x-es are shown in the same colour as the current Q,. In 8(b), 8(c), and 8(d), Q, is shown at three different times
t > 0.5. Here, only the measurements from ¢ = 0.5 to the time when O, was estimated are shown. The current Q, is shown in dashed black and the old Q, in
dashed red. Blue x-es are the measurements used to estimate QO, and red x-es are the “forgotten” measurements, that were used at some previous time, but

have since been removed from (p"“,qQ"). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

In Fig. 7 we show a detail from one of the simulations. In case no control is applied, stop-and-go waves grow and propagate
upstream. In this simulation run, the reconstructed-state control failed to dissipate the stop-and-go wave, and the other control laws
were successful, albeit with the FTSM-based control causing some more congestion further upstream.

The traffic flux function Q is the most impactful component of the overall traffic prediction model, so the process of estimating it
using Algorithm 1 is shown in Fig. 8. It can be seen that the first estimates of Q, have a single breakpoint and are triangular, because
all available measurements are still tightly clustered at that time. Later, as measurements of congested traffic become available, more
breakpoints are added and the flux function takes a somewhat more complex shape. Once the flux function is changed at t = 0.5,
the algorithm gradually adapts the estimate to the new flux functions and either offsets or eliminates the measurements that are the
worst outliers. Even though the traffic speed is modelled with significant process noise, and the measurements used are also noisy,
the learning algorithms are able to quickly estimate the flux function using a low number of memorized measurements. Moreover,
even though the piecewise linear flux function deviates from the form of the underlying actual flux function, this deviation does not
reflect particularly negatively on the control performance, while adopting such a simple form of the flux function greatly increases
the numerical efficiency of the prediction model.

5. Conclusions

In this work we presented a cell-free traffic modelling approach based on front-tracking. We showed that the FTSM can capture
discharging flows from stop-and-go waves lower than the capacity of the road, while also being able to model moving bottlenecks
and other traffic phenomena. The solution of the FTSM was shown to be existing, unique, non-Zeno, and corresponding to the
solution of the LWR model with space-dependent piecewise linear flux functions and piecewise constant initial state. In order to be
able to model stop-and-go waves with discharging flow lower than the road capacity, a new type of weak solution for the LWR was
introduced, the wave-speed-bounded solution, which constrains the propagation speed of fronts to some range, while only violating
the entropy condition at fronts where this constraint is active. We also described how traffic state reconstruction using local traffic
measurements from the CAVs can be implemented, as well as presented simple algorithms for model learning based on the same
measurements, leveraging the structure of the model. The proposed algorithms were shown to be able to approximate a more general
flux function with a piecewise linear one, only relying on a small dynamically changing subset of the collected traffic measurements.
Using the FTSM as a prediction model, we designed a control law for stop-and-go wave dissipation using CAVs, and compared it
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with other similar control laws. The control laws were tested in simulations, and were shown to significantly reduce the Total Time
Spent by eliminating stop-and-go waves.

There are many possible directions for further extending this work. Firstly, a more rigorous validation of the FTSM needs to
be performed, covering a wide variety of traffic conditions and infrastructure configurations. Next, while in this work we assumed
that the considered road segment was homogeneous, the FTSM can easily be extended to the more general case. By introducing
rule-based transitions, we are able to define exactly what happens when fronts at the boundary of different flux functions collide,
which can be used to model the transition of specific vehicles through zones with different road geometry, and consequently also
different flux functions. The general structure of the FTSM allows modelling complex scenarios with dynamically changing zones
where the traffic is described by different flux functions. The modular nature of the model also allows for straightforward extensions,
by specifying additional transitions or modifying the described transitions. For example, we may modify the Boundary Riemann
transition to introduce on- and off-ramps and more complex road network topologies into the model, as well as model the capacity
drop phenomenon at bottlenecks. Furthermore, these flux functions can be used to describe the aggregate effect of the CAVs on the
traffic in some area, allowing us to capture more complex interactions and formulate different control laws. Finally, an in-depth
study on the nature of solution that arise from introducing wave-speed bounds and zones described by different flux functions to the
LWR model needs to be conducted. In particular, since these modifications can cause the total variation of the solution to increase,
compared to that of the initial conditions, bounds on this increase need to be derived.

In this work we presented some basic model learning algorithms, designed to be simple and straightforward, but more efficient
algorithms designed for specific purposes should also be developed. The proposed prediction-based traffic control based on the
FTSM should also be applied to more general simulation setups, including in microscopic traffic simulations. Finally, for practical
applications where the exactness of the calculated solution is not of critical importance, approximation schemes that will reduce
the computation burden need to be implemented. For example, fronts that separate zones where the same flux function holds and
the traffic densities do not differ too much could be removed, and flux functions could be simplified by reducing the number of
breakpoints that define them. We caution that care needs to be taken so that these approximations do not compromise non-Zenoness
of the transition system.
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Appendix A. Front-tracking with zones of different flux function and wave-speed bounds
The entropy solution to the LWR model (1), with flux functions (3), and initial conditions (2) is of the form
p’l, x<x‘1"+)»1t,
p(x, 1) = pl’., xfil + At <x< x;’/ + At, (16)

!/
p/N’+l’ x> x‘;v, + Ayt
with A,_; < 4, wherever x/’
L= 0(p;,) — Q)

i / /
Pt —Pi

= x7 '. Here A, i =1,..., N’ are the transition speeds, defined by the Rankine-Hugoniot condition

The solution consists of zones of constant density separated by fronts x/ " + 4,t where we have a discontinuity in the density. This
solution holds for ¢ € [0, 7], where  is the minimum time when two fronts collide, xfil +At=x] "+ A7, with 4,_; > 4;. To get
the solution after that time, we solve a new composite Riemann problem for initial conditions p(z, x), and by iterating this step, we
can obtain an exact entropy solution p(x,7) to the initial value problem (1), (2) for any ¢. Due to Corollary 2.8 from Holden and
Henrik Risebro (2015), the front-tracking method yields exact entropy solutions in case when the flux function is continuous and
piecewise linear and initial conditions piecewise constant, which is the case we consider here.
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Since p(x,0) is piecewise constant, we have 9,0(p(x,1),x,1) = 0 everywhere except at discontinuities of p(x,?), and at
discontinuities of Q(p, x, ) in x. Therefore, the process of finding (16) can be decomposed into finding the solutions to the Riemann
problems at each discontinuity. A Riemann problem, is an initial value problem of (1) with initial conditions

_, x<0,
p(x,0) = {” 7)
Py x>0,

and possibly different flux functions on either side of the discontinuity, with the boundary moving at a predefined constant speed
A’

0p.x. = 4 -0 X <AL (18)
0.(p), x> A1,

where A is given as a parameter of the problem. Note that the space coordinate is shifted so that the discontinuity is at x = 0.

If the discontinuity is only in p(x,#), and O_(p) = Q,(p), this Riemann problem corresponds to the basic form of finding the
entropy solution to the LWR model, which is well-known in the literature. In the following, we first discuss this case, and then
extend the results by defining a new type of weak solution, the wave-speed-bounded solution, for which we impose bounds on the
speed of fronts that originate from the discontinuity. Note that this solution can violate the entropy condition, but it allows us to
model some additional traffic phenomena. Finally, we discuss the solutions at the boundary between two different flux functions,
when Q_(p) # O, (p).

A.1. Entropy solution

When finding the entropy solution to Riemann problems (1), (17), (18), we need to calculate lower convex envelope or upper
concave envelope of the flux function if p_ < p, or p_ > p,, respectively. We define these envelopes

~ 05 (), P <pss

"0y =14 9 "

e 05 (), P> pys
05 (p)=sup{ 0.(p): 4(p)O(p), Q. convex, pElp_,p.1},
0 (p)=inf{ 0.(p) : 4(p)20(p). Q. concave, p€lp,..p.1},

on [Prins Pmax s Pmin = MIN(p_, p.), Prax = Max(p_, p,). We follow this notation in further text, with ~ signifying ~ (lower convex
envelope) if p_ < p,, or " (upper concave envelope) if p_ > p,.
Note that f’*QN’é*(p) also is a continuous piecewise linear function on [p,;,, fmax] @nd it can be defined in a similar way as (4),

IN
IN
13

Q(5'1)+l71(l’—&1), 61
0(8y) + Valp — 6y), 6

i

IA

p
P

IA

25
Op) = ¥

OG-+ Vai(p =651 65y < p <6,

omitting superscript p_ and p, and subscript O for better readability, and defining 6, = pin, 65 = Pmax- We write the column vector
of slopes of such function #-V’*, ordered from ¥, to V;_, for p_ < p, or from V,_, to V; for p_ > p,. For all breakpoints of O, we
have O(5;) = Q(5,). Breakpoints &;, i = 2,...,/m — 1 are also breakpoints of Q, o; for some j, on [ppin, Pmax], @nd can be determined
using efficient convex hull algorithms. Finally, we denote the sorted (ascending if p_ < p, and descending if p_ > p,) column vector
of elements of 7- £+ including p_ and p_, as *- fg", and its length as - m*. Same as with the envelopes /- QpQ“’(p), - 23’ will consist
of breakpoints of the lower convex or upper concave envelope, depending on whether p_ or p, is larger.

The solution to the Riemann problem is then given by

p_s x < I7lt,
Gy Vit <x<Wit,
px,n =9 19
Gats Vot <x < Vpit,
Pes x>Vt

again omitting superscript symbols. Since - fg* is monotonous, the Total Variation of the solution is equal to the Total Variation
of the initial conditions, T.V.("- Sg*) =T.V.([p_p,])-

A.2. Wave-speed-bounded solution

Let [W., W+] and [W, W+] be the admissible ranges of front speeds for compression (p_ < p,) and rarefaction (p. > p,),
respectively. In case W_ < min{Vy} > W._ and I/f/+ >max{Vy} < WM the entropy solution never violates the wave-speed bounds,
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and it thus coincides with the wave-speed-bounded solution. Otherwise, we define V. = min - 17(5* and V, = max/’- I7Q”+, and if
V. < W_or V, > W,, we need to look for a solution that fulfils the front speed constraints, while minimally violating the entropy
condition. The wave-speed-bounded solution is again given by (19), with

‘ L ‘ ‘
. T B o B T N -~ -
R | PAL A N AR N AP A R (AL 7 A N A A
ow™ i ow™ ‘ T T
[”-53 1p+], V.>W.,V,>W, [/’-V"+ 1W] Vi2W.LV,>W,
p- 5P a7, 7 P- 7P % 1A, 7
YA V.>W.,V,<W, 248 V.>W. V. <W,
where we define the densities
d o —-0(p_ - d - - -
W =max ps.t. p<p., Q(p)zw_, Q(p)—0(p )=W_, ¥ =min p st. p> .. Q(p)SW+’ 0(p,) Q(p)=W+,
dp p—p_ dp pr—p
d o —-Q(p. - d o — -
N =min psit. p>p 220545 Q(n)—0(p ):W_’ ¥ =max p st. p<p.. Q(p)SW+, 0(p,)=00) W,
dp p—p_ dp pi—p

Note that the resulting solution can be non-monotone in density, and therefore cause an increase of Total Variation from the
initial conditions, since 5 and 5" might lie outside of [min {y_, p, } .max {p_, p, }|, or might be differently ordered than p_and p,.
The entropy condition is only violated at the discontinuities between p_ and 5%, and p, and ﬁf’, and the potential increase in Total
Variation of the solution, compared to the initial condition, is

il

1Y —p |+ 1Y =W 1+ 1o =Y | = lpy — o, V.<W.V,>W,,

- 1Y — o1+ 1o, =" 1= lpy — ol V.<W.,V, <W,,
TV.(-Z55) =TV D =1 " o S T
’ 152 —p_l+1py =07 | = oy — |, V.>2W.,V,>W,,

0, V.>W.,V,<W,.

In order to model stop-and-go waves with discharging flow lower than road capacity, it is enough to use I/f{>min{VQ}. If the
considered flux function is concave, as is typically the case in practice, only W_ and W, constrain the solution.

A.3. Flux function boundary solution

Stationary and moving bottlenecks are modelled by using different flux functions in different regions, and we study the evolution
of traffic conditions around a bottleneck by solving a Riemann problem (1), (17), (18), with Q_(p) # O, (p). In order to find the
weak solution, the propagation speed of the boundary between two flux functions A needs to be defined first. Then, we find the
solution that maximizes the flow over the boundary between two regions, while satisfying the Rankine-Hugoniot condition across
the boundary, and yielding entropy solutions inside both regions. The solution with initial conditions (17) and flux function (18)
can thus be split into two parts, consisting of Riemann problems between p_ and p’ , and between pﬁr and p, . The solutions to these
problems both need to be constrained to only have discontinuities inside the zones of O_ (x < A7) and Q, (x > Ar), respectively.
The Rankine-Hugoniot condition at the boundary between the two flux functions

0,0 -0_()=A(p, -0),
can be rewritten in terms of the flow over the boundary w,
w=0_(pL)-Ap_ =0,() - Ap,.
Boundary densities p’ and p/, both depend on p_, p,, O_ and Q,, and are given as optimizers of the optimization problem

maxin/lize w

oLl
s.t. ') — Y= A - p),
Q+~(i’+) 0_(L) = Ap}, — pL) (20)
-
/V%_‘W<A,
I +
+VQ+. > A,

so that the flow over the boundary » is maximized, under specified constraints.

For most simple flux functions used in practice, solving this maximization problem can be done explicitly. Since optimal p’ and
p; will always be such that either o/ € X5 U { p_} or pﬁr €X, U { p +}, the problem can be solved by forming a set of all possible
pairings of (o', p,) that satisfy the Rankine-Hugoniot condition, and then checking the second and third constraint for each of them,
in order of descending boundary overtaking flow, so that the first pair to satisfy these constraints is the optimizer.

Another type of boundary that we consider is the one that arises when we force the density on one side to be equal to some
externally defined value, p(x,7) = F_, x < At or p(x,t) = F,, x > At. We write F, # @ for those sides where the density is forced,
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and F, = @ where it is not forced. In this case, the dynamics of traffic on the forced side are ignored, and the forced traffic density
instead acts as a boundary condition for the other side, and the solution is given as
min;,mize ‘ ol - F,|
+
s.t. 0,(0) — O (F_) = A(pl, - F_),
! P
P+ VQ:W > A,
if F_ # @ and F, = @, i.e., the density upstream is forced, or
minimize |p/ - F,|
oL
s.t. O_(F)-0_(p1)= A(F, = p\),
~ o
,- VQ_,W <A,
if F_ = @ and F, # @ and the density downstream is forced. Alternatively, we may define special rules for handling the behaviour
at the boundary between two flux functions, e.g., when a moving bottleneck moves from a zone of one capacity to a zone of different
capacity.
The potential increase in Total Variation of the solution, compared to the initial conditions, is given by

) oL =p-l+10, =P I+ 1oy =Pl = lpr —p-|. F-=0,F, =@,

. ! &p.
TV ZG ) 7+ E5E D =TV (s pud) =116, = F_l + lpy = 2| = loy = F_L, F_#Q,F, =0,
ol —p_| +|F—pl | = |Fy —p_], F_=Q.,F, # Q.

Appendix B. FTSM implementation

In this section, we give the details of the implementation of the FTSM, defining how the particular transitions change the current
state X. We first define the notion of admissible state, which is used to define guard sets, and then specify the transitions.

B.1. Admissible states

Since the passage of time transition constitutes the flow dynamics of the system, we call the states for which this transition can
be taken the admissible states. Depending on the initial state X, we can be forced to take some number of other transitions before
the current state enters the set of admissible states. This set is defined by the following conditions:

(zjr1>z)V((zj1 = 2) A (4 < A)) i =1 .on—1, (x=)

L SPF T : .
(s #0502 50 = Loy 2yl ) 160, = Q= Lo, ()
(pj=0.0j>0141:0)>Qs1)s i1 = 010501410, 0j41))» fQ; #011, j=1,...,m, *x /N
p=F, if FF#0.,j=1,....n+1, (C))

where pf(pj, Pi1-Q5,Qj11) and pﬁr(pj,ij, 0;,0;4,) are given as the optimizers from the solution described in Appendix A.3. These
conditions are also used to define guards of the transitions, as will be described in the following subsection.

B.2. Transitions

Here we describe the various transitions that model the evolution of the FTSM. For each of the transitions, the states that do not
change are omitted from the description. The transitions are listed in order of increasing priority, i.e., we first present the transitions
that can only be taken if no other transition can be taken, and end with transitions which do not depend on the state of the system,
only on exogenous inputs. We use notation o to represent any of the transitions.

B.2.1. Passage of time transition 7(f.,q)
The first transition we describe is the passage of time, which describes the propagation of fronts between their interactions, or
until the externally provided goal time 7.,4. This transition is taken if the state X is in guard set

X €6, ={X eX|(x=), (), (x ), (x D, 7€[0,7"]},

i.e., the state is admissible (conditions (*—), (x ~), (x /), and (% !) hold). The transition is defined by

(, Z)M) (t’,z’)

' =t+1*, zZ =z4+ "
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T .
where A=[4, ... 4,] ,and the wave-speeds 4, are given as
Qi1 (pi41)—0Qi(p)
A= Al &i>&is
Ay & <&yt

The maximum time shift z* is the minimum of the time for which condition (x—) is first violated,

« . Zitl — %
T,=min{ ———
Ai - /11'+1

and the time to specified goal time * | =1fe,q — 1, 7" = max {0, min {z},7* }}. Note that if 1 > 1,4, X' = X.

zi+1Zzi,ﬂi>ﬂi+1,i=1,...,n—1}

B.2.2. Front interaction transition —;
A front interaction transition is taken when two fronts collide and the state is in guard set

X €G_ = {X € X|7(x-), (x);.j > iy (x~), (x /), (x D},

where by —(x—); we signify that the j = i-th condition in (x—) is violated. For all transitions o € {—,~,/,!}, we write X € ¢, if
X € G,, for any i. In this case, the position of fronts becomes equal, z; = z;,,; while their distance is decreasing, 4; > 4;,,. The front
interaction transition corresponds to deactivating one state,

(n.z,p.0)— (n.2.9.0')

n=n-1,
=z . oz oz ..oz, ]T
, ‘ T
14 =[P1 o Pio Pig2 oo Puyl ]’
Q'=[0) . 0 Qur - Qut ]

If O; # O,,,, this transition is likely to cause condition (x /) to be violated, and thus be followed by transition /,. Note that the
Total Variation of the traffic density is nonincreasing through the transition,

0, i+1 € [min(p;, pi1n), max(p;, pirn)l,
TV.()) - T.V.(p) = Piv1 € (Min(py. piy2) MX(p. p142))
|pis2 = pil = 1Pz = pil = P2 — pisi |, otherwise.

B.2.3. Internal Riemann transition ~;
This transitions results from solutions to Riemann problem given in Appendix A.2, and it is taken when the state is in guard set

Xeg, ={X eX|(x~);,(x~);,j > i,(x /), (x ),0; =01}
The transition can be described by

(n,2.p,0)—> (n.2/, 0/, Q")

! _ _ Pi ~Pixl
n=n+m-2, m= ’in,W .
Z,=[Zl IS Z[]l;_l T ],
o api T T
PI=[1’1 e Py ngilw Piva oo Pu ]
| | T
Q'=[0 ... 0y, 01} Qs - Qu |-

Depending on p; and p,, the number of active states can decrease (if p; = p,, ), increase, or stay the same.

B.2.4. Boundary Riemann transition /;

This transition can occur at interfaces between zones with different flux functions and reflect the solution from Appendix A.3.
It is taken when the state is in guard set

X €6, ={X €X|=(x /);.(x /);.J > i.(x D,0; # Oy } -

The transition can be described by

(n,2,0,0) > (n'.2,0,0Q)

/ ’
! Pi ~P_ Py - Pit]l
=n+m_+m_ -2, m_="m ,m, = "m
- + - [0 A Qiv1w
’ I T I T
b4 :[ 2y e Zioy z,-]lmjer | ikl e Z ]
| , v | T
’_ pighl T Py aliel T ]
= . |y | )y I p.
4 [ P1 Pi-1 . oW Qi1 W, Piy2 Pntl |»
T
! !

Qi+lﬂ-;+ Qi+2 Qn+1 ] 5

o=l .. o on)
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where densities o/ = p/(p;, pi41,Q;, Qi11) and p', = o/ (p;, pi41>Q;> Q1) are obtained by solving the optimization problem (20), with
P =0 Py = Piy1> Q- =0, and O, = Q.

B.2.5. State forcing !;
This transition ensures that the density matches the forced traffic density where F; # @; it is thus taken when the state is in
guard set

X €, ={XeX|-(x 0;,(x D;,j>i},
and defined by

Y
0= (¢')
p/ _ Pi» F, =Q,
' F, F#Q.
B.2.6. State insertion V(p,, x,);

State insertion is an exogenous transition, i.e., it can be taken for any X € X given the appropriate external input. It consists of
adding two fronts at position x,, downstream of front i, with z; < x, < z;,,

V(xy);
(n,2,0,0)— (0. 2,0, Q")

n=n+2,
’ | | T
b4 :[ Zy ez Xy Xy | Zigl e 2 ] s
, ! ! T
=l o p P P, P e Pua |
| ' T
0'=[0 . O Ow Qw,h Ou - Ou | -

It is only necessary to specify i if z; = x,, or z;,; = x,, in order to disambiguate the ordering of fronts.

B.2.7. Flux function transition Q(Qg. i, j)
Finally, flux function transition is another exogenous transition, which covers changes in flux functions in specific areas. The
transition is defined as
Q(Qg.inj)
@———- (Q)
0=[0 .. 0 0 .. Qg

-
Qi1 - Oy ] >
with Oy € Q and j > i. Formally, this change has no immediate effect on any of the other states, but it is likely to cause (* ~),

(% /), or (x !) to be violated.
Appendix C. Proofs

We state the proofs of theorems from Section 2.2, along with some required lemmas.
Lemma 1. The FTSM is nonblocking and deterministic.

Proof. All X € X are in exactly one guard set, since the guard sets G, form a partition of X. Furthermore, all transitions o ensure
that if X € X and X — X’ then X’ € X. Therefore there exists a unique solution of the FTSM for every initial state X, € X. []

This lemma establishes the basic properties of the FTSM based directly on the guard sets of the transitions. Next, we study the
behaviour of the FTSM in zones where the flux function is homogeneous, and with constant boundary conditions.

.. . . ~i . /i
Lemma 2. If the state of FTSM X € G, where transition o, is ~; if X — X' or /; if X — X', then X' ¢ QNJ and X' ¢ Q/, for
j=i,...,i+n —n ‘

Proof. First, consider the case when X € g~, and (x /). Based on the definition of the transition ~;, we have that

/
T _ p; $Pi _ T _ 7, P e
o ... p:,'+n’—n+1] =7 ZQ"*I‘,V Therefore, for k =0,...,n —n, [p;+k p,/'+k+1] = Pitk ZQ"*.;J;', so condition (x ~);,, holds and X' ¢ QNI,,

o
j = i+ k. Next, if X € G based on the definition of the transition /;,, we have that [p,f P T = Zg‘_W and

i+m_—1
’

/o~
Py, - P 1T =" ZS:I,W’ where m_ = #i rh’é’i and g/, are the solutions to the optimization problem (20) for p. = p;,

’
i+n'—n+1 W

s .
Py =Pip1, O = 0;, O, = O,,,. Therefore, for k =0,...,m_—2,m_,....n" —n, [p;+k pf.+k+|]T =fie £k g0 condition (x ~);,, holds
i+k’ .
and X' ¢ G, j=i+k. Fori+m_—1, we have pl/,er__1 =0 P =Pl Q;+m_—l =Q;,and Q) =0y, so since p/ and p/, are the
result of transition /;, condition (x /);,,, _; holds and X' ¢ G iom1”

We can now state the proof of Theorem 1.
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Proof of Theorem 1. First, if the density is forced in the zone of flux functlon Q*, F* # @, this holds trivially, with p(x,#) = F* on
[z* ("), z* (t )] for ' > 0. Otherwise, after a finite number of transmissions X0—> LK X ' the state X, ! satisfies (x—), (x~), (* /),
and (% ‘) for i =i*(0), ..., i} (0). Here transitions o, are: /.« ), /; = 0)> and a finite number of transmons ~; and —; for i* (0) < i < i} (0),
if the state enters thelr respectlve guard sets during the transitions from X, o to X{. '. Afterwards, due to Lemma 2, while r < T, the

7(fend)
evolution of the state can be described with only transitions —<, and —5, for which the Total Variation and number of active
fronts is nonincreasing. []

Next, we study an infinitesimally narrow zone with a different flux function, and show that it does not give rise to Zeno behaviour.

Lemma 3. Let X be the state of the FISM with z; =z; | =...=z; and no other front positions equal, where Q; = Qy, Q; = Q¢ for
i=i_+1,....iy, Q; 11 = 0p Qp # Q¢ Qc # Or and the density in the zones of Q; and Qy, is not forced, F; = F = @. Then X' € G,

where X — ...—> X', o, €{~;.~;. /i1y, ), k = 1..... K with finite K.

Proof. Without loss of generality, assume (x~);, (x /);, and (x !);, hold for i & [i_,i,], which could always be achieved in a finite
number of transitions. Firstly, if the density in the zone of Q is forced, after transitions !;, i = i_ + 1,...,i, inside the zone, /;
and /; at both borders of the zone, and i, —i_ — | instances of transition —; ,,, the resulting state X’ € G,. Otherwise, after up to
two transitions /; and up to i, —i_ — 1 transitions ~;, the resulting state is X°, and it holds that either Ao = Ao, = - = /1,.(1 and
X° e ¢,, satisfying the requirements of the lemma, or X° € G_, for some Y <i< iﬂ. We denote i and i” based on state X™ so that
0 =0, 0" =Qcfori=i"+1,....i", O et =Qp. If X% € G_, for some i, after kO front interaction transitions, 1 < k% <% - -1,

the resulting state X* will either satlsfy the requirements of the lemma, or X% € ¢ v UG After transition /, o or /, v from XV

/9
to X!, the process repeats with k™ front interaction transitions, 1 < k! < 1 —i! — 1, and with z"”'l < i, m = 1,....M, unt11 state

xM satlsfles the requirements of the lemma, with 4. M < A, M S S A i 1fA M < A i and QM = =0y, Q = QR if A.Mr > A M
(i.e., the zone described by flux function Q¢ vanishes), or we have Q, Mr =0, 0, = =0c, and Q g = QR Flnally, if O = QL,
0, = QOc, and 0, oy = = Qg, the state satisfies the requirements of the lemma after up to three series of transitions, where the first
and third series consist of a finite numbers of transitions /; o Of =, and the second series consists of a finite number of transitions
/w or —p, i.e., if the first transition is /, M the second series of transitions will happen at the boundary between Q¢ and Qg, and
if the flrst transition is /, s the second series of transitions will happen at the boundary between Q; and Q. Therefore, no infinite
internal behaviour of the FTSM, starting from X and with no states in G, can exist, and after a finite number of transitions, the
system reaches state X’ € ¢g. O

Finally, the proof of Theorem 2 is stated.

Proof of Theorem 2. Consider first the case when there are no exogenous transitions and passage of time transition is taken with
an arbitrarily large ¢.,4. Firstly, due to Lemma 1, the solution to initial conditions X, from arbitrary ¢ = ¢, until arbitrary 7,4 > #,
exists and is unique. Due to Theorem 1, the only way Zeno behaviour can arise in FTSM is through interactions with flux function
boundaries. Due to Lemma 2, the transitions at a flux function boundary can only happen once a front reaches the boundary, and
the fronts created by the flux function boundary transition travel away from the boundary. Therefore any periodic behaviour would
require interaction between two flux function boundaries. If the zone between two flux function boundaries is of non-zero length, the
fronts originating from one boundary can only reach the other boundary after non-zero time, so the only case when Zeno behaviour
could arise is if the length of the zone goes to zero. Therefore, due to Lemma 3, no Zeno behaviour can arise. If exogenous transitions
are forced at times 7, ..., T,,,, the solution can be split into intervals [y, T}), [T}, T5), ... , [Texo- tenal- Since the exogenous transitions
do not cause the output of the system to change, we may form p(x,7) out of pieces between two exogenous transitions, with each
exogenous transition changing some part of the LWR model. []

Appendix D. Supplementary data
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.trb.2022.10.008.
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